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IIponor

O61wasn TeopHs OTHOCHUTENbHOCTH MPEACTABNALT COGOM KpacH-
BEHWIYIO CHCTEMY OMHCaHHA TPABUTALlHOHHOTO TOJIS U YpaBHEHHH,
KOTOPEIM OHO MOAYHHACTCS. B HacTosllee BpeMst 3TY TEOPHIO YACTO
HCTOMIL3YIOT B KayecTBe MPOTOTHMNA ISl APYTUX, GoJiee CIOXKHBIX
NOCTPOEHHMH, C LJIbIO ONHCAHHUS CHJ B3aHMOJEHCTBUSI MEXAY 3Jie-
MEHTAapHbLIMH YaCTHUAMH HJH SABJEeHMIt U3 Apyrux obaactel dyH-
IaMeNTaabHOH (Pu3KKkH. BoT modemy Bo BBeleHHH B 06iLyl0 Teo-
DHIO OTHOCHTEJIbHOCTH BAXXHO K3aK MOXKHO UeTue pasjie/iuTh MHO-
FOUMCJIEHHbIe COCTaBJAIOLINE, KOTOpHE, B3siThie BMecTe, 06pasyioT
flapafiMrMy BhillieHa3BaHHoH Teopuu. [locse pasbacHeHdsi GU3HU-
YeCKOro 3HaYeHHs! TeOpHH OTHOCHTENbHOCTH Mbl I10CJ/eN0BaTebHO
BBOLHM IIOHfITHE KPHBOJIMHEHHBIX KOOPAHHAT, 3aTeM — MNOHATHE
noas ap@UHHON CBA3HOCTH, M JIMIIb Ha MocJefHeM 3Tane Ao6aB-
JsieM fosie WHepuMH. I1py TakoM packnafie sicHO BHAHO, KaK pac-
CTOfiHHe H BpeMsi NpHoOpeTaioT Bce Oojee YeTKYi0 CTPYKTYpY —
HaM OCTaeTCs JIHUb BHIBECTH 3HHIUTEHHOBK YPAaBHEHHRA [10JA.

Jlandbie naeu obpeni MatephalbHoe 0popMIeHHe, KOTHA Me-
HSl TIONPOCHJIM NPOYHTATh UMKA JieKUui no ofueil TeOPUU OTHO-
cuTeJbHOCTH. C rofaMd B HUX ObIM BHeCeHbl He3HauMTeJsIbHbIE
H3MeHeHHd. §] pewins npegocTaBHTh CBOGOAHLIM AOCTYN K 3THM
JeKIMSAM yepe3a MOl JAHYHYIO cTpaHduy B MurepHete. K Heyno-
BOJCTBHIO psifia YWTarenedi, nocje 12 cTpaHHL TeKCTa § MEHSI0
yCOBHbLIE 0003HaUeHWs: i BO BPeMeHHBIX KOMMOHEHTaX BEeKTOPOB
ofpailiaeTcs B HYJb, @ MeTpHKa npHoOpeTaeT dopMy — + ++.
Jlns bero, cripalinBaeTcsi, HyXHa TaKas «HelOC/ef0BaTeNAbHOCTb»
B YCJIOBHbIX 0603HaYeHUAX? )

Ha 2710 ectb ABe npUunHbl. Mbl MeHSIEM CHMBOJHKY NpH Nepe-
XOfle OT CneyualsHol TeOPHH OTHOCHTEJIBHOCTH K obueid. B cne-
LHAJNBHOH TEOPUH OTHOCHTEILHOCTH UCNONb30BAHHE 1 UMeeT cylile-
CTBEHHOE NpaKkTHYecKoe 3HaueHHe: NpeoGpazoBanus JlopeHua op-
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TOTOHAJIbHEI, ¥ BCE CKalApHble NPOH3BEAEHHS HAYT HCKJIOUHTE/b-
HO €O 3HaKoM +. [lyTaHHIbI CO 3HAKAMK He NPOHCXOAMT. Mcnonb-
30BaHHe METPHKH —+ 4+ HJH, UTO elile XyXe, +— —— HeuszbexKHo
IPUBOMT K OWHOKe B 3HaKaxX. B o6uwieit Teopuu 0THOCHTENLHOCTH,
OAHAKO, CHMBOJ i JIHUWIHWHA. 31ech BooGLe NPHXOOHTCH PaGoTaTh
C BeJMIMUHHOH goo. Eciiy ee BLIGpaTh OTPHLATENLHOMH, OWHOKH HIH
Apyrue npo6JeMbl BO3HUKAIOT PENKO.

CylecTByer, ofiHaKo, €llle OAHH MOMEHT — MeJarorHyecKHil.
fl He BHXY OCHOBaHMi oGeperaTh CTYACHTOB OT CMeHbI YCAOBHBIX
0603HaueHHN Kak sBJieHus. [Ipy nepexone H3 0[HOH 0GJACTH Hce-
C/IelOBAaHHA B ADPYTYi0 HeOGXOJHMOCTb B 3TOM BO3HHKaeT MOCTO-
siunHo. [Ipn HallleM moaxoze UM mpotle K 3TOMY NPHBHIKHYTh.

Cranio yXxe TpajuUHeil NPUMEHATb NaHHYIO TEOPHIO ANS 06b-
SICHEHHUS TAKHX AIBJIEHUH KaK rpaBHTallHOHHOE KpacHoe CMelleHHe,
IIBApUIHJIBAOBCKAA METPHKA, CMELieHHe NepUresius U OTKJOHe-
HHe cBeTa. BoJsiee noxpoGHasi uHdopmauus o6 3ToOM uMeeTcs B
UMTHPYEMBIX HCTOUHHKAX. B HOBO# BepcHH MOMX JeKLHOHHEIX 3a-
n1cel nepecMoTpy NoABepriach B 0CHOBHOM 14-4 riiaBa, YacTHUHO
noj, BJUSIHHEM HeJaBHO BhICKA3aHHBIX YTBepXKeHHIi 06 06Rapyxe-
HHH 3¢ eKTOB HeHYJAeBOH KOCMOJIOTHUYECKOH KOHCTaHThl, HO Tak-
XKe ¥ MOTOMY, YTO 5 cuesl BOSMOXKHOH IlepepaboTKy 3TOi IMaBbl C
yueToM GoJiblle#l afianTallid K CTAHAAPTHOH JHTepaType MO KOC-
MOJIOTHH MPH OJHOBPEMEHHOM YJYUulileHHH KauecTBa MOJayd Marte-
phana. HakoHell, orpoMHoe BHHMaHHe st yessiio 06JacTd NpHMe-
HEHMS, KOTopasi MOXeT CTaTh BeChMa aKTyaJbHOH B OJHMKakiueM
Gynylem, — rpaBHTalHOHHOMY H3aydenHio. [IpuBenenubid 31ech
Cnoco6 rnosyyeHHs! NPOH3BOAHBIX 3a4acTyI0 YTOMHUTeNeH. JTH Xe
TNIPOH3BOIHEIE MOMKHO BIIOJIHE 3JIeraHTHO BbIBECTH H3 TEOPHHU M0JIs
C MOMOLUBIO CTAHAAPTHHIX MeToaoB JlarpaHxka, uto ¥ 6yzer mpo-
IeMOHCTPHpOBaHo. B npoilecce yTeHus 3THX JEKIHH A NpULIEN K
BLIBORY, UTO ITOCAEAHASA [J1aBa BCe-TaKH CUILKOM crielddHUHa 18
3JIeMeHTapHOro Kypca, TeM He MeHee, § He CTaJl ee HCKJI0YaTb, XO0-
TS Obl MOTOMY, YTO €e CAMLIKOM YacTO MCKJIOYAIOT H3 YueGHUKOB,
H3JIaTaloWMX BBOAHBIH KypcC.

Bripaxato 6naronaprocts r-Hy A. Bau nep Beny sa Tuwiatesib-
HOe pe/laKTHPOBAHHE PYKOMMCH.
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1. KpaTkoe n3iioxeHne criequaabHOH TEOPHH
oTHocUTeJbHOCTH. CucTeMa 00603HaUEHHH

B cooTBeTcTBHH CO crellHasNbHOM Teopueil OTHOCHTENbHOCTH
NPOCTPAHCTBO M BpeMs paccMaTpHBalOTCS KaK YacTHas Mojiesb
cumMmeTpuH. Takas (OPMyNHPOBKa MpeacTaB/aeHa ABYMA MOJOMKE-
HUAMHU:

(i) Ectb 3aKoH mpeoGpa3oBaHHii. TH NpeoGpa3oBaHus 06pa-
3yIOT Tpymnny.

(ii) PaccMoTpuM cHcTeMy, B KOTOPOi COBOKYITHOCTH (hU3Hye-
CKMX TepeMeHHbIX OlMChIBAeTCs B BHAE pellieHHs,, KOPPEKTHOTO ¢
TOUKHM 3DEHHS 3aKOHOB (Pu3MKHU. Torna, ecau Bce 3TU (PUIHUECKHE
nepeMeHHble MOABEPrHyTh Npeo6pa30BaHHAM B HaJJjeXalleM co-
OTBETCTBHH C ONpeJe/ieHHLIM 3aKOHOM NpeoOpa3oBaHHil, TO BHOBb
TNoJIyueHHoe pellleHHe OyheT NOATBEPXAATh TE XKe caMble 3aKOHBI
¢bu3nKy.

«ToueuHoe coGLITHe» — 3TO TOUKA B NPOCTPAHCTBE, 3ajaHHas
TpeMsl KOOPAHHATaMH & = (Z, y, z) B JaHHLI{ MOMEHT BPeMeHH t.
INs KPaTKOCTH Ha30BeM ee «TOUKOH» B NPOCTpaHCTBe~BpeMeHH,
Npe/ICTaBJeHHOH YeThIPeXKOMIIOHEHTHEIM BEKTOPOM:

ct\

0
1
x

| = : (1.1)
3

@

z

31ech ¢ — cKopocTb cBeTa. IlpocTpaHCTBO-BpeMsl SIBHO YeThipex-
MepHo. HacTo 3TH BEeKTODA! 3aMMCHIBAIOT KaK T, Tlie f — HHAEKC C
ZiHanasoHoM 3HadeHuH oT O 1o 3. Bynert, onHaKO, yno6Hee HCHOJb-
30BaTh HECKOJIbKO H3MeHeHHoe ofo3HaueHHe: z#, u =1, ..., 4, rae
z* =ict, a i = /—1. CreuyanbHo OTMETHM, UTO MOKOGHOE H3Me-
HeHMe NPOUSBOAUTCS MOAbKO B pasfenax 1 3, rae o6eyxnaercs
CrennanbHas TeOPHS OTHOCHTeNBHOCTH [J/Sl MJOCKOTO MPOCTpaH-
CTBa~-BpeMeHU (cM. mpoaor). HecucreMaTHueckoe HCNO/Nb30BaHHE
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BepxHHX ({ }*) u HHXHHX ({ },) MHIEKCOB B 3THX pasfesiax Hecy-
U1eCTBEHHO, OJHAKO BOCAeACTBHH OYAET UrpaTh BaXKHYIO POJb.

B creiuanibioi Teopu OTHOCHTENBHOCTH FIOf Fpynnoil fnpe-
06pa3oBaHHi M0ApasyMeBaloT «1peoOpPa3oBaHHsl CKOpocTed» HIH
npeobpa3osanus Jlopenya. 3To COBOKYNHOCTb JHHEHHBIX TIPeo6-
pasoBaHHil:

4
(z*) = > L*,a" (1.2)
v=1

C [JOMOJIHHTEJIbHO HAJIOXKeHHbIM YCJNOBHEM, B COOTBETCTBHH C KO-
TOPLIM BeJIHYHHA o, OMNpejelisieMas Kak

4
ot = (a*)? =|&* - (0>0) (1.3)
u=1

ocTaeTcsi HHBapHaHTHOH. M3 naHHoro ycjoBHs caefyer, 4To Koad-
duukeHTH L#*, 06pa3yloT OpTOroHaJIbHYI MaTpHLY:

4 4
ZL“,,LQV = 6’“’; Z Laanru = Ouy- (14)
v=1 a=1

Ws-3a Hanuuus ¢ B onpefeseddd =4, Koapduumentsl Lig u L3,
ROMKHB ObITb YHCTO MHHMBIMH. Beanunnsl 6#* u §,, — neib-
Ta-CUMBOJIB KpoHekepa:

M =68,=1 ecttp=v u OB NpOTHUBHOM ciyuae. (1.5)

MoxHO pacUIMpUTL T'PYNIY WHBAPHAHTHOCTH, HOGABJEHAS B Hee
MPAHCARYUU:

4
(=*) = Z L*,z" + a*, (1.6)
v=1

nocJie yero oHa GyneT HasulBaThe epynnod [lyanxape.
[To3HaKOMUMCS C nPABUAGM CYMMUDOBAHUS:
Ecau HHIeKc fIpH yMHOXEHUH BcTpeuaeTcs Bcero 2 pasa (o
O[lHY CTOPOHY OT 3HaKa ‘=’), To CyMMHpOBaHHe GyfeT aBTOMATH-
UeCKH MPOH3BOAHTLCS MO 3HaueHHAM OT | 10 4, naxe ecid Mbl
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He yKa3blBaeM SIBHO CHMBOJIa CyMMHpOBaHHs » . Takum 0GpasoM,
ypaBHenHs (1.2)-(1.4) MoxHo 3aMHcaTh KakK:

(™) = L*, 2", 0% = zhah = (zM)?

’ (1.7)
LﬂuLaV = &u.a, LQ“LOLV = Opv-

Ecau cuTyauus tpeGyeT CyMMHPOBAHHS He MO IBYM, a 10 TPeM
HHJEKCaM, MBI TIoMelllaeM OHH H3 HHIEKCOB BHYTPb CKO6OK — Te-
nepb Ha Hero MpaBu/io CyMMHpOBaHHs He pacnipoctpansertcs. ['pe-
UeCKHM HHJEKCaM g, V, ... COOTBETCTBYeT [JMAMNa30H 3HAUeHHH
oT 1 00 4; TaTHHCKKUMH UHJEKCAMH %, 7, ... 0603HAUATCH TOJABKO
NPOCTPAHCTBEHHONOAOGHbIE KOMNOHEHTH!, @ NI03TOMY JHaNa3oH HX
3HauyeHu# — o1 1 no 3.
Creltna/ibHBIM 3J1eMeHTOM Tpynnel JlopeHua sBasercs:

- v
10 0 0
01 0 0
B =
LEy 110 0 chy ishy]’ (1.8)
p\0 0 —ishxy chy
rie x — napametp. Mau
=z y=vy; 2 =zchy—ctshy;
(1.9)

t' = —%shx-i—tchx.

310 npeolpa3oBatye W3 OLHOH CHCTEMbI KOOPAHHAT B APYTYIO NpH
CKOpOCTH UX JBHXKEHHSI OTHOCHTEJLHO APYyr Apyra:

v/e=thy. (1.10)

B panbHediliemM eMHHLB! LTHHBEl H BpeMeHH GYAyT NOAGHPATh-
€8 TaK, 4ToOhi
c=1 (1.11)

Caenyer oTMeTHTB, yTo ckopocTb v B (1.10) Gynet Bcerna MeHblue
ckopoctH cBeTa. Cama 1o ceGe CKOPOCTb CBeTa JIOPEHIL-HHBapH-
aHTHa. JT0 U ObUIO, (DAKTHYECKH, TeM HeOGXOMMMBIM YCJOBHEM,
Ha OCHOBAHHHK KOTOPOTO GLIJIO BBeJEHO MoHATHE Tpynnki JlopeHua.
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MHorue ¢H3HyeckHe BeJIMYMHBI NpH Npeobpasosanusx Jlo-
peHila He uHBapHaHTHbI, 4 KOBapUaHTHbL. Hanpumep, sveprua F u
UMIYJIbC p NpeobpasyloTcs KakK YeThipeXMepHblii BEKTOp:

Pz

= iy ;@) =LrpY. (1.12)
iE
9JIeKTpOMaI‘HHTHhIe noJis npeoépasyloTcsi KaK TEH30p:
— Vv
0 Bg ——BQ -—iEl
N *B3 0 Bl “iEZ .
Tl B =B 0 —iEs|’ (1.13)
Iz ’iEl iEQ iEg 0
(F#Y = LFo LY g FP.

FH

BaxHO MOHATH, YTO M3 3TOro cjenyeT. XoTS HaM XOPOIUIO
M3BECTEH MOCTYJAT 0 TOM, YTO IKCMIEPUMEHTATOp Ha ABHXKYIeics
naatgopme NpH NPoBefleHHH SKCHEPUMEHTA IONYUHT Te XKe Pe3yiib-
TATbl, UTO U €ro KoJllera, HaxofsiHics B NIOKoe, Nepefi CpaBHeHH -
€M Pe3y/nbTaToB Mbl JOJIKHBEL NnOOSEpPeHYmb uUXx npeobpasosanuto
C Y4eTOM Pa3MYHBIX cHCTeM oTcyeTa. To, UTO MOIVIO BHIVIALEThH
KakK 3JieKTpHyecKoe roje 1Js OHOr0 HabMoaTe s, IpyToMy MOr-
JI0 OKA3aThCs HAJIOXKEHHEM 3JeKTPUUECKOT0 U MarHHTHOTO NOJIeH.
M Tax panee. Bor uto Mbl nofipasyMeBaeM Moj KOBAPUAHMHOCMbIO
B NPOTHBOBEC umsapuanmuocmu. Ecnu 6b Ham ymaioch HailT
YHHBepCaJIbHBIH CN0CO6 NMPpeo6pa3oBaHUs ABAEHHH, Mbl Gbl OTKpbI-
JIH Topasfio 60Jibille TPyl CHMMETPHH B MPUpOJeE, YeM ceHuac us-
BecTHo. [IpaBaa, npasuso npeobpaszosanusi MOrIo Gl OKa3aThes
BeChMa 3allyTaHHLIM.

Mul cdopMynrpoBanu CrelHadbHYIO TEOPHIO OTHOCHTEJLHO-
CTH TaKHM 00pa3oM, UTO TeNeph MOXKHO JIETKO NPOBEPHUTh, HOMYH-
HseTcs JIH B JeHCTBHTEAbHOCTH KaKo#i-in6o npefnoaraeMbiii 3a-
KOH NpPHPOABI JIOPEHL-HHBAPHAHTHOCTH WM HeT. JleBasi W npaBas
YacTH ypaBHeHHS JOJKHbI TIpeoOpa30BLIBATECS OLMHAKOBO; TaK W
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6y11eT, €CJIH OHH 3anHcaHbi B BUJe BEKTOPOB HJiM TEH30POB C HH-
JeKCaMH .HOPEHlla, BCerna npeoﬁpasyloumxc;l B COOTBETCTBHH C

(X* g ) :L“NL",\...LO‘.,Lﬁé---XM\'”v&..., (1.14)

OTMmeTHM, YTO NaHHOe MPaBMJIO NpPeoGpPas3oBaHWil COOTBETCTBYET
TOMY, KaK eclH Obl MBl HMeJNH [eJo C IIPOH3BEJlEHHEM BEKTO-
poB X#Y" u 1.1 BenuuuHbl, npeoGpasyiouimecs, Kak rokasa-
Ho B (1.14), HasbiBawTCA men3opamu. BeaencTBhe OPTOrOHaMb-
HocTH (1.4) L¥, MOXHO nepeMHOXKaTh ¥ CBepTHIBATL TEH30PHI KO-
BapHauTHo. Hanpumep,

X+ =Y,,2%" (1.15)

ABJIIETCS TeH30pPOM (TeH30p, UMEIOWMH TOJLKO ONUH HHIAEKC, Ha-
3bIBAETCS «BEKTOPOM»), eC/id Y U Z — TeH30pbl.

YpaBHenns MakcBesl1a B pe/IsiTHBHCTCKH-KOBapHaHTHO (op-
Me HMEIOT BHJ

8uF = —Jo; (L.16)

OaFpy + 0pFyq + 6, Fap = 0; (1.17)
Fuw = 8,4, —8,4,,  (L18)

8, = 0. (1.19)

3pech §, osHayaerT J/0r*, a ueTbHipexMepHbIHi BeKTOp TOKa J,
onpenensietcst Kak J,(x) = (5(x), ico(z)), v Bhipaxaercs B efu-
HHUAX, COOTBETCTBYIOLIMX YCIOBHIO, KOTAA Lo U £g NPUBEEHbI K .
OcoObifi TEH30D €, ONPELENsIeTCS KaK

€1234 = 1;
EpvoB = Epafv = —Epuaf; (1.20)
Epvag = 0, ecJM nioGhle Ba U3 ero HHIEKCOB OMHAKOBHI.
DTOT TeH30p ABJSIETCH HHBAPHUAHTHEIM JJIsi COBOKYMHOCTH OOHO-
poOnsLx TipeoGpasoBanuit JlopeHua, hakTuueck, 445 BCEX Npeos-

pasoBanuii Jlopenua L*, ¢ netepmuHaroM det(L) = 1. Temeps
(1.17) MoxHO mepenucaTh B BHIE

Euuag&,Faﬁ = (. (1.21)
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YacTHua ¢ Maccoil m M 3JeKTPHUECKUM 3apALOM q BHXKETCS
BAOJIb KPHBOH Z#(s), Ille s M3MeHSleTCs OT —o0 10 +00 NpH

(8y2*)? = ~1; (1.22)
moZzHt = qF,,0.x". (1.23)

Tenaop T3P, onpenensieMblii ypaBHeHHem!
T = T50 = FunFow + 16, Py P, (1.24)

OTHCLIBAET MJIOTHOCThL 3HEPrHH, MJOTHOCTL MMIY/abCa M MeXaHH-
yeckoe HafpsiKeHHe nogeft Fig. B yacTHOCTH, NIOTHOCTL SHEpruu
ONHCHIBAETCS YPaBHeHHEM

T =R lr R, = LB 4B, ()

THe, HallOMHUM YHKTaTeJNl0, JaTHHCKHE Koa(pPHLHeHTH i, 7,

NPHHAMAIOT 3HaueHdss auwb 1, 2 u 3. U3 3aKkona coxpanenus
3HEPrHH H HMIIyJbCa CJefyeT, UTo ecAd B JitoGoi JaHHOH TOU-
Ke NMPOCTPaHCTBAa-BpeMeHH x MBI CYMMUpyeM BKJaAbl 8cex MOJei
¥ yactull K Ty, (z), TO DS 3TOTO MOJIHOTO TeH30pa YHepPrHH—HM-

e 8,T, = 0. (1.26)

2. IkcniepuMeHTH! ITBEMA M NPUHLMIT
3KBHMBAJEHTHOCTH

HonycTum, 4T0 06HEKTH H3 Pa3JIHUHBIX MaTepHANOB pearupo-
Ba/MH Obl He COBCEM OMHAKOBO Ha NPHCYTCTBHE rPaBHUTallHOHHOTO
noJif g, HanpuMep, pasfiHyaJHCh OBl UX KOHCTaHTH TPOMNOpPLHO-
Ha/lbHOCTH MeXIY TPaBHTaUHOHHOH Maccou U MHepTHOH Maccoil:

FO = 30 = MBhg

F(2) = Mv(lge)z i = Mrpaﬂ 9,
2.1)

M,sszm M

"Yuorna T, MOXeT GHITh BHIPaKeH B APYTHX eIHHHLAX T4K, UTO B 3HaAMeHaTese
NOABAAIOTCH AONOJNHHTE/bHBE KOIDPULHEHTH 477,
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Takue 06bexThl 06/1a1a 4 Obl pa3HHIMHM YCKOPEHUSIMH @, TIPH 9TOM
MOXHO OBLIO Obl O4YeHb TOUHO NpeAcKa3aTb HEKOTOphle ABJEHHUS,
BO3HHUKAIWOIHE B pesynsTaTe. B cilyyae ¢ KOCMHUYeCKHM KopaGieM
10 TUNY MaTepuana, U3 KOTOPOro H3roTOBJEH KOpabib, MOXKHO Gbl-
Ji0 OBl ONPENeJUTh YCKOPeHHe — NP HCTIONb3DBaHWH APYToro Ma-
TepHalla yCKOpeHHe GhlI0 Ob HHLIM, 3 OTHOCHTEJbHOE YCKOpeHHe
BocIpUHHMAaJOCh Obl Kak csabas octaTouHasi TpaBHTauus. Mox-
HO TIPOBECTH TaKMe Ke IKCMEPUMEHTH U Ha 3emJe. PaccMoTpuM,
Hanpumep, Bpallapulycs naardopmy ¢ napaboauueckoit noBepx-
HocThio. [lon neficTBHEM 3eMHOI TpaBHTalMH ChepHUecKHil 06bEeKT
NPUTATHBaJICA Gbl K LIEHTDY, OfHAKO, NoJ NieiiCTBHEM LeHTpoGex-
HBIX CHJI IPOTHBOAEHCTBHSA TIPY KPYTOBOM [BUXKEHHH OH CMewlascs
6bl K Mlepudepun. Ecii 31U fBe cuJbl ypaBHOBELLIEHE!, 0GBLEKT MO~
XeT HalTH YCTOHUHBOe NOJOKeHHe B JII0G0H YacTH NOBEPXHOCTH,
OJIHaKo, 06beKT M3 IPYToro MaTepHala MOXET UCIBITHIBATD ellle H
BO3JeHCTBHE OCTaTOYHOH CHJLI TATOTEHHS.

ITo cymectBy, 3emas cama no cebe siBseTcs Takoi Bpaila-
oulefics naaTgopmol. ITo H [I03BONUJIO BeHrepcKOMy GapoHy Po-
JlaHpy GoH DTBellly ¢ NpeleJbHOH TOYHOCTHIO [10KAa3aThb 3KBMBa-
JIEHTHOCTb MEXAY HHepPTHO# M TrpaBUTalHOHHOR Maccofi («NpHH-
UMIT 3KBUBANEHTHOCTH»). CHNa TArOTeHHUs!, IeHCTBYOMAsS Ha 06b-
eKT, HaXOARWHACA HA NOBEPXHOCTH 3eMAH, paBHa

—

T
Fy = —'GNMea]V[rpaB ;_‘3',’ (2.2)
rie Gy — HbIOTOHOBCKAs MOCTOSIHHAs CHJIbI TATOTeHHS, a Mg —
Macca 3emaH. LlentpoGexHas cuia paBHa
P 2 2=
Fo = Myyeprw*w*Tocy , (2.3)
rfe w — YrJ1oBas CKOPOCTh 3eMJIH, a

(@ P@

w?

Foey = 7 — (2.4)
— paccTosiHHe OT 3eMHoii ocH BpatileHus. KOMGUHHpOBaHHas cHaa,
AeCTBYIoILas HA 00beKT (i) Ha noBepxHocTH, paBhserca F(1) =
= FY 4+ F®. Ecau ans 1Byx o6bextos (1) u (2) stu cuan B
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1 F® He a6comoTHO napa/lie/ibHbl, MOXHO OTIpefeHTh

_FOAF® (Ml M@\ FAD)@ A 25
|F(1)| |F(2)| Mr(;}as MP Gn.Mg

rpas

e MO YC/IOBHIO CHJIa TAXKECTH HAMHOrO NpeBHIAeT LeHTpobex-
HYI0 cuay. B peanbHOCTH Anst 3eMAH Mbl HMeeM:

70~ 300. (2.6)

Mz (2.5) Mbl BuIKMM, uTO OTK/IOHEHHE o onpefenseTcs Kak

ME M2
o~ (1/300) cosf@siné % - ——"("?e)p—T- ) 2.7
Mrpaa MrpaB

rie 6 — WKpoTa, Ha KOTOPOH HaXOQHTCs JabopaTopus B Benrpuwu,
K CYacTbIo, IOCTATOYHO Aafieko KakK ot CeBepHoro moJioca, Tak H
OT 2KBaToOpa.

TBell ¢ TOYHOCTLIO NpUMepHo L0~% He 06HAPYXHA OTK/IOHE-
HHH OT NpHHUMINA 3KBUBajgeHTHoCTH. Habaonas 3a 3emaeit, Koto-
pas nBHXKeTcs elue B BOKpyr CoJiHLA, MOXKHO MOBTOPHTb 3KCIEpH-
MeHT, MCojb3ys rpaBHTauMoHHoe nose CouHua. [IpedmyiiecTso
B IaHHOM cJiydae 3aKJ/Ji0uaeTcsd B TOM, UTO UCKOMBIH 3(eKT exe-
AHeBHO MeHseTcsl. Takos 6bla1 skcnepumeHT P.X. Jlukke, BhINOJ-
HeHHbI ¢ morpewHocTbio 1071, B nepcnekTHBe npeanonaraetcs
3aMyCTUTb CNelUaIH3UPOBaHHBIH CYTHUK NMOA HasBaHueM STEP
(Satellite Test of the Equivalence Principle)?, ¢ neabio nposepkH
NMPUHIHIIA IKBUBAJEHTHOCTH C Norpewsoctbio 10717, Tpexnonara-
eTCs, YTO CYLIeCTBEHHOTO OTKJOHEHHA OT NMPHHLMIA 3KBUBAJEHT-
HoCcTH He OymeT. Tem He MeHee, Ba)KHO c(hHOPMYJHPOBATH TEOPHIO
TPaBUTALMOHHLIX CHJ TaK, 4ToObl NPHUHIHMN 3KBHBAJEHTHOCTH TI0-
CTYJHPOBAJCH B Hell KaK ToyHoe cooTHoweHHe. [TockosbKy cne-
[HajbHas TEODHS OTHOCUTEJbHOCTH, TOMUMO NPOUUX JOCTOMHCTB,
¥MeeT penyTaluio TeOpHH, B KOTOPOH HHKOTJA He HaGJiofanoch

2[lpoBepka NpHHUHTIA SKBHBANEHTHOCTH €O CIYTHHKA. — [lpum. nepes.
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HUKaKHX OTKJOHEHHH, BO3HHKAET eCTecTBeHHOe XeJaHHe HONUH-
HHTh Hallly TEOPHIO I'PAaBHTALMOHHBIX CHJ NOCTYJaram crielHanb-
HOll TEOPHU OTHOCHTeNBLHOCTH. TeopHs, nMosyyaeMast B pe3y/ibTaTe
KOMOHHaU WK TpeGOBaHUK 3THX IBYX TeOpHH#, fABJASETCS TEMOH Ha-
KX JeKLHA.

3. PaBHOyCKOpeHHO ABMIKYMMICH JaudT.
IIpoctpancrBo Pungaepa

[IpuHuMN 5KBHBaJEHTHOCTH TpeGyeT HOBOH CHMMETPHH M CO-
NPSXKEHHOM ¢ Hell MHBapHAaHTHOCTH. Peanusauusi Takoi cummer-
pHH H ee nocjiefyiollee HCHOJb30BAHKE TO3BOJNAT HaM AaTh Of-
HO3HAUHYI0 (DOPMYJHPOBKY Haulel IpaBUTaLHOHHOH TeopHu. Pe-
IIeHHe MONOOHOH 3ajauy GbIC BrepBbie NOJYUeHO DHHUITEHHOM
B 1915 r. Huxxe Mbl onHilleM cOBpeMeHHEBIE CNIOCOOH! ee MOCTPOEHHS.

PaccMoTpUM HAeanu3HpOBaHHBIH «IH(BT», CMOCOOHbLIH coBep-
Wath J00sie BUAB BepTHKA/bHLIX NepeMelleHH, BKJoUas CBO-
GoaHoe nafeHre. B cOOTBETCTBHYU ¢ NMPHHLHNOM 3KBHBAJEHTHOCTH
IpH CBOGOAHOM fajeHHH Takoro JiHdTa Bce 06BEKTH, HAXOAAMIH-
ecsl BHYTpH, OYLYT HCIILITHIBATh OJIMHAKOBOE YCKOpeHHe. DTO 3Ha-
UHT, UTO BO Bpemsi CBOOONHOrO MajeHus JU(PTA ero «1accaxKHprl»
He OYLYT HCTBITHIBATL BOOGIE HUKAKOTO BO3JEHCTBHS IPaBUTALIH-
OHHOTO NOJIST — OHHK OYAYT HAXOAHTLCS B COCTOAHHUY HEBECOMOCTH.

Jlnsi cpaBHEHHUS PaCCMOTPUM NOAOGHEI JHGDT B KOCMHYECKOM
NpOCTPaHCTBE, BAAJH OT KAKOH-JHOO 3Be3lbl HAM MiaHeTh. [Ipu-
JaquMM eMy TMOCTOsIHHOe YCKOpeHHWe, HalpaBJieHHoe KBepxy. Bce
NaccaXuphl OLLYTAT AaBJEeHHE CO CTOPOHBI 11041, KaK ecsid 65l OHU
KUK B TPABHTALIMOHHOM I0Jle 3eMAu WaH JI060d Npyroi maa-
HeTbl. BOT Tak Mbl MOXeM CO3JlaThb «HCKYCCTBEHHOE» TpaBHTAllH-
OHHOe ToJie. PaccMOTPUM TaKoe HCKYCCTBEHHOE TPaBUTALAOHHOE
mosie rionpoGHee. TlpeanosoKuM, HCKYCCTBEHHOE PABUTALIHOHHOE
nosie TIOCTOSSHHO BO BpeMeHH H Mpoctpanctse®. [laccaxup Gyner
OILYLIATh NOCTOSIHHOE YCKOpeHue.

3BCKOP€ Mbl OﬁHapy)KHM, CAHaKO, 4YTO NoJje, B KOTOPOM Mbl HaXojKMcd, NMocTo-
AHHO B HanpaBJieHHH z, ¥ WU {, HO HENOCTOSHHO B HaMpasleHHWH CaMoro noJs —
HanpasJieHHH z.
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BecbMa BaxkHOH cocTaJsiiollel TeOPHH OTHOCKHTRALHOCTH fB-
NgeTcs TOHAATHe O KOOpAHHaTHOi ceTke. BBefleM koopauHaTHYIO
ceTKy &, p = 1,..., 4, 1Jjg BHyTpeHHero MpPOCTPaHCTBA JIH(Ta,
TaK 4yToObl TOUKH HA €ro CTeHaX 3aJaBaJjHCh KOHCTaHTOM gi, 1=1,
2, 3. Habnonates s H3 KOCMOCa MPH 3TOM HCMOJb3YyeT AEKapTOBY
ceTKy (MHepLMOHHYIO cHcTeMy) z#. JIBUXKeHMe NHbTa oNHCHBaeT-
e dynxkuuamu z#(€). [Nyctb Hayano KoopmuHat £ GyneT TOUKOM
nocepeiHe noJia AMPTa, H NyCTh OHA COBMAeT C HAYa/NOM KOOPAH-
Hat . Tenepb paccmoTpuM JuHHio € = (0, 0, 0, ¢7). Kakoit 6ynet
cooTBeTcTBylowas Kpusas z#(0, 7)? Ecau yckopeHue feficTByeT B
HanpaBieHHH z, TO

z#(7) = (0, 0, z(7), it(T)). (3.1)

Bpems ans Ha6aiofatens BHYTpH JuMQTa TeyeT paBHomepHo. OT-
clofia

92N _ (4.2 (8,4) = ~
( o ) = (8;2)? ~ (B,t)% = ~1. (3.2)
YckopeHHe 06o3HauaeTCst CHMBOJIOM § H paBHO
2z "
= g~ 3.3
8T2 g ( )

[lpy 7 = O MB MOXKeM NPHHSTb CKOPOCTb NHGTA TaKXKe paBHOM
HyJ10, OTCIOfa

%z;'i =(0, i), (npuT=0). (3.4)

B 3T0T MOMeHT ¢ H 7 COBNajalOT, H eCIH Mbl XOTHM, YTOGH yCKO-
peHHe § GblIO MOCTOSAHHBIM, HAM HEOGXOAKHMO, YTOGH MpH 7 = 0
0§ TaKkXKe PaBHSJIOCH HYJIO, OTCIONA

O w_(F i = FO » _
e _(O,zF)_FaTx npu 7 =0, (3.5)

rie F gBasieTCs MOKa HEH3BeCTHOH KOHCTaHTOMH.

3aMeTHM, UTO 9TO ypaBHEeHHe JIOPeHIl-KoBapHaHTHO. [TosToMmy,
He TOJBKO NMPH 7 = 0, HO U MPH NI0OBIX 3HaUEHHAX BpeMelH Mbl
NOMKHBI HMETh:

O pd
s FaTr . (3.8)
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Ypasuenus (3.3) u (3.6) nawor:

g’ = F(z* + A"), 3.7)
z#(7) = B¥ ch(gr) + C*sh(gr) — A¥, (3.8)

rue F', A#, B¥ n C* — xouctautel. Onpenenum F = g2, Torna
mo (3.1), (3.2) ¥ ¢ y4eTOM rpaHHYHBIX YCJOBHE:

0 0
@)=F=g B =10 =10 a—p
0 1
(3.9)

4 TIOCKOJIBKY NIpH 7 == ( ycKopeHHe SIBJISIETCS - UHCTO MPOCTpaH-
CTBEHHOMOLOGHOM BeJHUYMHOH, MBI BbIBOLHM, UTO MapaMeTp g fs-
JsieTes aBGCONIOTHLIM 3HAYEHUEM YCKOPEHUS.

OTtMeTuM, UTO NoJOXKeHHe mosa JU(Ta B CHCTEMe OTcYeTa
BpPeMeHH MaccaxKHpa B MOMEHT T onpefeseTcs [0 ero IoJoXeHHIo
npH 7 = 0 ¢ NOMOLLLIO JopeHIleRa O6ycTa BOIH3H TOUKH £F = —AX.
M3 3TOro f0JIXKHO Cl1ef10BaTh, UTO BeCh JHGT OMHUCHIBAETCS ONHHM
6ycrom Jlopenua. B cuay (1.8) 6ycT onuchiBaercs npu x = gr.
Takoe Hab6si0neH e NO3BONSET HaM GLICTPO Y3HATH HeNocpelCTBEH-
Hbie KOOpAMHATHl BCeX OCTallbHHIX Touek JiudTa. [Ipeanonoxum,
ytonpu 7 =0

(£, 0) = (£, 0). (3.10)
Torna npu npyrux sHauedusx T
61
52

2#(€, i1) = | oh(gr) (53 + é) _ (3.11)

ish(gr) (&2 + 1)

1
g

KomnoHeHTht 3, 4 cHCTeMB! KOOPIHHAT &, BJOXKeHHOH B CH-
CTeMY KOODAMHAT x, NoKasaHs! Ha pHC. 1. Omnucanue KBappaHTa
NPOCTPaHCTBa-BpeMeHHW B BHE CHCTeMbl KOOPAHHAT £ Ha3blRaeTcs
«PHHAJNEPOBLIM NpocTpaHcTBOM». M3 (3.11) mo/xHo cleqoBaTh, UTo
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Puc. 1. Punaseporo IpocTpaHcTBO. M30rHyTas CnnoLiHas JIHHWA Xapak-
TepuayeT no audTa, £ = 0. CHruan, HCnyLeHHbd U3 TOYKH a, HUKOrAA
He GylleT noJyded o6HTaTeseM pHHA/NEPOBA MPOCTPAHCTBA, NPpeObIBAOLINM
B [IpaBOM KBaJpaHTe.

HaG/opateslb BHYTPH NH(Ta He BOCIPHHAMAET COOLITHHA, KOTOphIe
IBHO 3aBUCAT OT ero BpeMeHHOH KOODAHHATH T, MOCKOJBKY Mepe-
X04 OT 7 K 7/ — 3T0 He yTo uHOe, Kak npeobpasoBahue JlopeHua.
OTMeTHM ellle PSIA BaXKHBIX 3(QeEKTOB:

(i) Jluuuu, BIOJNL KOTOPHIX T NOCTOSIHHO, CXOAATCHA CJjesa.
OTciona cliefyeT, 4TO CKOPOCTb MECTHbIX YacoB, OMHChIBaeMas Kak

p = /—(0z#]57)2, usMeHsieTcs C yBeJHueHHeM BHICOTH Kak &3
p=1+g€ (3.12)

(ii) HanpsxkeHHOCTb IPaBUTaLMOHHOTO 110/14, OllyillaeMas Jio-
KaJlbHO, paBHa p~2§(£), UTo 06paTHO NpOMNOPLUHOHANLHO PaccTos-
HHIO O TO4uKH z+ = —A¥. [loaToMy, Aaxe eC/M N0Je MOCTOSIHHO
B MOfIepPeYHOM HarpaBJ/eHHH H 0CTaeTcs MOCTOSIHHBIM C YBesute-
HMeM BpeMeHH, OHO YMEHbLIAeTCA C POCTOM BHICOTbI.

(iii) O6nacTh mpocTpaHCTBa~BpeMeHH, OMHChIBaeMas HabJio-
JarejeM B JaudTe, 3TO BCero JMMillb 4acTh oOLIEro NPOCTPaH-
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cTBa-BpeMeHH (KBalpaHT cnpaBa Ha puc. 1, e z3 + 1/g > |z9)).
['paHHuHble NUHKK HA3HBAIOTCS 2opulonmamu cobeimuii (oTrpa-
HHUYMBAWOILHMH TTpoULsoe U Gynyliee).

Bee 310 THOHYHO peasmusucmckue 3hdekts. B nepenstu-
BucTckoM npenesie (g — 0) (3.11) ynpowaeres no

2

B cooTBeTCTBHH ¢ NPUHUMNOM SKBHBAJIEHTHOCTH OGHApYXKeHHLIE
HaMH 3[lecb PeNATUBHCTCKHE 3(PeKThl A0/KHB TaKXe ObiTb IpH-
CYILLH TPaBHTALIHOHHBIM NOJISM, CO3aBaeMbIM MaTepHeii. PaccMoT-
PHM HX HO NOPSIAKY.

Ha6stonenue (i) nosposseT NPefnosoXUTh, UTO Yachl GYAYT
OTCTaBaTh, €C/IH OH{ HaXOMATCH BOJAM3M TPABUTAUHOHHOTO MOJS.
JleiieTBUTENBHO, MOXKHO nOJAraTh, UTo (3.12) npMeT o6LIKH BUA:

p=1+V(x), (3.14)

B=1lg? oir=gl (3.13)

rie V(z) — rpaBHTaLMOHHLIA NoTeHUHas. Tak OHO M GymeT npH
YCHOBUH CTal(HOHADHOCTH TPaBHUTALHOHHOrO MosiA. DTOT 3(eKT
Ha3HBaeTCsl TPaBUTALMOHHKEIM KPACHBIM CMEILEHHEM,

(ii) Takxe fBJISleTCH PENIATUBUCTCKUM 30deKTOM. ITo MOX-
HO TPelicKasaTb, MCMOJb3YSl TaKoHd AoBOA. [Taomrnocme 3anepeuu
rpaBHTALHOHHOrO 1101 OTpULaTe/1bHA. [TOCKOMBLKY 3Heprus ABYX
Macc My u Ms, pasfielleHHbIX PacCTOSHHEM r, Bbipa)XKaeTcs yepes
E = —GNnM;Mz/r, Mbl MOXeM pacCyuTaTh MJIOTHOCTb SHEprHH
noist §: Tys = —(1/87Gn)g?. Tak Kak Mbl TIPHBeJH ¢ K efHHHLE
(c = 1), To 3T0 TaK>e ¥ NJIOTHOCTb ero Macchl. OIHAKO MIOTHOCTD
3TOH Macchl B CBOK OUepeflb TAKXKe HOJIKHA OPOAHTh IPaBUTALU-
oHHoe noJie! M3 storo Beitekaet, uto?

8 52 anGnTy = —%g'?, (3.15)

Takum 06pa3oM, NeHACTBUTENLHO, HATIPAXKEHHOCTb NONS TArOTEHHS
AOJKHA YMEHbILATbCH ¢ POCTOM BHICOTH. Takoe o6ocHOBaHuUe, OJ1-
HaKo, AIBJISIeTCS SIBHO YMPOIUEHHLIM, TOCKOJILKY Hallle foJie XOTH

BpeMeHHO Mbi OllycKaeM MPUBHIYHBI 3€Ch 3HAK MHHYC, UTOGH M0Ka3aTh, 4TO
noJie HanpaBJeHO BHH3.
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H fofuHHAeTCH fHddepeHUHANbHOMY ypaBHeHHIO (3.15), HO Ges

KoadduiHeHTa %

Bo3MoxHoe BO3HUKHOBEHHE 20puU30HMo8 Co0bimuli — HabJII0-
IeHue (iii) — MoxeT OKa3aTbCst OYeHb BAaXKHOH HOBOI XapaKTepH-
CTHKOH IPaBHTALlHOHHBIX ToJielt. [Ipu oOHIYHBIX YCAOBHAX, KOHEY-
HO, MOJst HACTONbLKO cJ1abbl, UTO HUKAKHX TOPU3OHTOB COOLITHI
BHJHO He OYZeT, 0O4HAKO OHH MOTYT MOSABHTHLCHA B CJydyae 2pasu-
mayuonnozo Kosranca. Eciiv 3To npousoiifer, To B NpocTpaH-
CTBe—BpEeMeHH II0SBATCS Takve 06JIacTH, HH OIUH CHUTHAN H3 KO-
TOPHIX HeJib3sl GyZeT 3ajuKcHpoBaTh. Ha puc. | Mb BHAMM, uTO
PaMOCHTHA/bI, HCIIYIEHHbIe U3 TOUKH @, HHKOTLA He NOCTHTHYT
Ha0nofaressi, HaXoAsLerocst B PHHANEPOBOM NIPOCTPAHCTBE.

CaMbIM Ba)KHBIM B 3TOH IJlaBe sIBASieTCA BLHIBOA O TOM, YTO
AJISL OTIHCAHUSA TPABUTALHOHHOrO NOJS MOXHO BHINOJHHTh M1Ppeod-
pasoBaHHe OT KOOPAKHAT £, OMUCHIBAIOLLMX POCTPAHCTRBO BHYTPH
JaudTa, rae o6beKT OllyLIaeT BO3eCTBHE IPaBHTALHOHHOTO 110414,
B KOOpAHHATH I*, OoMHCHIBaWOLlKHE MYCTOe MPOCTPAHCTBO—-BpeMS,
rjle cBOGOAHO NajaloliHe NPeAMETH ABHXYTCS N0 MPAMbIM JIMHH-
sIM. MBI 3HaeM, 4To B NyCTOM NPOCTPAHCTBE, He HMeIOlileM IpaBH-
TallHOHHOTO MOJIS, CKOPOCTH YaCOB H JJIHHLL JIMHEEK ONHCHIBAIOTCS
yepe3 MeTPHUYECKYI0 (GYHKUHUIO o, BhipaxKeHHYI0 dopmydoit (1.3).
MoxHo nepenucars ee B BHAE

do? = g, dz* dz¥; g, = diag(1, 1, 1, 1). (3.16)

Mul Hanucany 3fech do W dz#, yToGBl MoKasaTh, 4TO paccMat-
pHBaeTcs GeCKOHEUHO Majloe PacCTOfHHe MeXAY ABYyMsl TOUKaMH,
PacHoJIOXKEHHBIMH PAJOM B TPOCTpaHCTBe-BpeMeHH. [las Koopau-
HaT £, COOTBETCTBYIOWIHX AUMTY, NPU YCAOBHH GeCKOHEYHO Ma-
JbIX TepeMeltueHHit df# Mbl HMeeM:

dz® = ch(gr) dg®> + (1 + g£%) sh(g) dr,

d.’l}4 = 7,Sh(g7') d€3 + 1(1 +g§3)ch(g7_) dr (317)

OTKYIa BHTEKaeT:

do? = —(1 4 g€%)% dr? + (d£)2. (3.18)
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Ecnu 3anucats 370 B BHjE:

do® = g, (€) d* dg” = () + (1+ g&%)%(dY)?,  (3.19)
TO MOXHO YBHAETb, YTO BCe BO3JEHCTBUS I'PABUTALHOHHOTO MOJS
Ha JIHHeHKH W Yachl MOXHO BHIPA3UTb uepes noJe g, (&), 3asu-
csilllee OT MPOCTpaHCTBa (M BpeMeHH). Jluwb 68 2pasumayuoHHOM
nose pundreposa npocmpancmea MOXHO HaHTH TakHe KOODMH-
HaThl ¥, 4TOGH C yYeTOM 3THX KOOPAHHAT QYHKUHS g’ obpeJia
npoctyio ¢popMmy (3.16). Ml yBrauM, uTO QYHKUKH g, (£) BrOIHE
JOCTaTOUHO JUJIS NOJHOTO ONHCAaHUs TPABHTALHOHHOTO MOJS.

IIpocTpaHcTBa, B KOTOPBIX GECKOHEUHO MaJjioe paccTosHHe do
ONUCHIBACTCS QPYHKUHEH gy, (£), 3aBHCALLEH OT TPOCTPAHCTBEHHBIX
(BpeMeHHBLIX) KOOPAHHAT HAa3bIBAIOTCH UCKPUBACHHbLMI WIH pUMA-
HO8biMU npocmpatcmeamu. K pUMaHOBY NPOCTPaHCTBY OTHOCHT-
CH M CHCTeMa [IPOCTPaHCTBO-BpeMs. PaccMOTpHM TakHe mpocTpaH-
CTBa MO TIOPSIAKY.

4. KpuBoaunHeiHbi€ CHCTEMBI KOOPAMHAT

Ypasuenue (3.11) npencraBasieT YacTHBI ciydait npeo6paso-
BaHHA KOOPAHMHAT, yAOOHKBIH N/ NPOBEPKH APHHIHNA SKBUBAJEHT-
HOCTH B OTHOLUEHWH TpaBUTALMOHHBIX ToJiefi. OHO He sIBJIeTCSs
npeoSpasoBaHueM JlopeHla, MTOCKOABKY OHO HeJiMHeHHo no 7. Ha
pHc. | MBI BHAMM, YTO KOOPAHHATH &# HcKpHUBAEHBl. KoopauuaTei
MYCTOrO MPOCTPAHCTBA MOXKHO Has3BaTh <«IIPSIMBIMH», MOCKOJBKY C
HX MO3HLKH BCe YAaCTHUH ABHXKYTCS MO NMpPSAMbIM HHHHSIM. OfHAKO
nofoGHasA NpsiMasi CHCTeMa KOOPAMHAT Gy/eT CyLIeCTBOBaThb JIMILbL
MpH YCJIOBUM OfIMHAKOBOH, PUH/JIEPOBCKOH, OPMBLI IPaBUTALHOH-
HOTO noais B Jo6oi ee Touke. B6/M3y 3Be3] Y NJaHeT oHa NPUMeT
ropasjo 6oJjiee CNOXKHbLE OUEPTAHHUSI.

Ho v B 3TOM ciiyuae MBI TakXe MOXeM HCNOJb30BaTh MPHH-
LMII 3KBUBAJEHTHOCTH: 3aKOHbl TPaBUTAL{MH HYXHO CHOPMYJIHPO-
BaTb TAKMM 00pa3oM, YTOOL! MOXKHO ObLJIO HCHOJb30BATh B PHHLU-
ne /06y CHCTeMY KOOPAHHAT, OJHO3HAYHO OMHCHIBAMOLLYI0 TOYKH
B HallleM 4eThlpeXMepHOM MpocTpaHcTBe-BpeMeHH. Hu ofnHa u3
3THX CHCTeM He OKaXKeTcsl MpeAnouTHTeNbHeH Npyroit, NOCKOALKY
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B KaXJOH U3 3THX CHCTeM MOXHO OWYTHTb TO HJH HHOE BO3fei-
CTBMe TPaBHTALHOKHOTO NoAs°. HauseM ¢ 10604 NPOM3BOJILHO Bhi-
GpaHHOH CHCTeMBl KOOPAHHAT: =¥ = (¢, z, y, 2). HauuHas ¢ artoi
TJ1aBbl, COXpaHEeHHe MHOMHTENS i BO BPEMEHHHIX COCTABJSIOIIHMX
cTaHeT Hellesecoo6pa3HbIM, NOCKObLKY JHUIlb 3aMyTHIBAET CHTYa-
uuio. Ctano yxe npasuiiom Gpatb z° = ¢ u onyckaTb =%, paBHoe it.
Tenepb p vmeeT nuanasoH sHaueduid ot O go 3. Takxe npuoGpe-
TaeT 3HaueHue gepxXHee NOJOKEeHHe KOOPAHHATHEIX HHIEKCoB #, V.
TlycTb MMeeTcsl B3aHMHO ORHO3HauHOe COOTBETCTBHE Halliei
CHCTEeMbl KOOPAHHAT ApYroil — uk:
ut =tz = z(u). (4.1)
BequuuHbl, 3aBHCSiLlHE OT 3THX KOOPAWHAT, GYAYT HaskiBaThCs
npocTo «NoAsiMH». CKaasproe noae ¢ — 5TO BeNWYHHA, KOTOpas
3aBHCHT OT z, HO He MofBepraeTcs JaJbHeHUIUM npeo6pa3oBaHK-

SIM, TIO3TOMY B HOBOJi CHCTeMe KOODAMHAT (4715 pas/iHueHns GYHK-
LUMH HOBbIX KOOPAMHAT u M QYHKUHMH = MBI HCMIONb3YEM THABLLY )

¢ = d(u) = $(z(u)). (4.2)

Teneps onpefesiM CpafiHeHT (06pPaTHTe BHMMaHHe, YTO Mbl HC-
NI0JIb3YEM HUNCHUL HHIEKC):

b (@) = 52 0(2) (43)

¥ =const aAA vy

Crenyer MOMHHTb, UTO YacTHasi IPOM3BOAHAS ONpesesieTcs ¢ Npu-
BJleueHHeM GeCKOHEUHO MaJsioro repeMelileHus dx”,

#(z + dz) = ¢(z) + ¢, dz* + O(dz?). (4.4)
Mt BHIBOAMM:

$(u + du) = $(u) + gi—sqﬁu du” + O(du?) = (u) + Go(w) du”.

(4.5)
CJ’IellOBaTEJIbHO. B HOBO# cHCTeMe KOOpIHHAT FPajHeHT UmMeeT BUL:
b (u) = 2* L (2(w)), (4.6)

5Kax mbl yBHIUM Aasiee, B OTHOLIEHHH HEMPEPLIBHOCTH H xdhepeHUUpyeMOCTH
GyneT AeHCTBOBATH psill OTPaHHUEHHH.
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F1e UCNOJNb3YeTCsl YCAOBHOEe 0603HAUYeHHE:

def O
'T”VV = auyl-“(u)

ue#v =const (4'7)
B KOTOPOM 3ansiTast yKa3blBaeT Ha HacTHoe JudhepeHIHpoBaHHe.
O6pa‘mTe BHHMaHHe, YTO BO BCeX 3TUX ypaBHEHUAX BepXHHe
H HHXHHe HHIAEKCHl BCeraa COXpaHST CBOe MOJOXKEHHE, H HC-
MoJIb3yOTCA OHM TAaKHM 06pa3oM, YTO B MpaBufie CYMMHPOBAHHS
BCTPeYaeTcsi OflHH HIXKHUH H OMH BepXHHil HHIEKC:

> ul )R

MoxHO, KOHeUHO, MPOH3BECTH 06paTHOe TpeoGpa3oBaHHe M3
KOOPAMHAT T B KOOPAHHATH !

Su(z) = u” o (u(z)). (4.8)

JelicTBUTeNIBHO,
w ut 0 = 0y (4.9)

(MatpHia u” , siBJISeTCS BelHYHHON, 00paTHOH z* ,). B yacTHoM
cllyyae x#, MoxeT OuTb 3JemeHToM rpynnel JlopeHua. Tpynna
JlopeHua — 3To Bcero JiHHbL MOATPYNMa B YHc/e ropasfo Gosee
OOLIMPHOro MHOXKeCTBA paccMaTpHBAeMBIX 3[ieCh MpeoOGpa3oBaHHi
KoopAuHaT. Mbl BHAHM, uTo ¢, (x) npeo6pasyeTcs Kak 8eKmop.
Bee nmons A, (x), npeoGpasyiompecs B TOUHOCTH KaK TpajHeH-
Tot ¢ (z), T.€. N
A (u) =2z* A, (z(u)), (4.10)

OydyT HasblBaTbCA KOBADUAHTHBLIMH BEKTODHBIMH MOJSIMH, COKpa-
UeHHO — KOBEKTODaMH, 4aXe ecJIH HX Hesib3sl 3aNUCaTh B BHIE
rpajifeHTa CKasipHOro MoJs.

O6paTuTe BHMMaHWe, YTO TIPOM3BEJEHHe CKAJISIPHOro MoJs ¢
1 KOBeKTopa A, CHOBa mpeo6pasyercsl KaK KOBEKTOP:

B, =¢A,;

Bu(u) = (u) A, (uv) = ¢(z(u))z# L A, (z(w)) = (4.11)
=" , B, (z(u)).
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PaccmoTpum Temeph npsmoe npousseneHye B, = AE})A,(?). Ono
npeobpasyeTcst cjelyOWUM 06pasoM:

B (u) = 2% 427 , Bag(z(u)). (4.12)

COBOKYMHOCTH KOMIMOHEHT [0, KOTOpble MOXKHO OXapakTepH3o-
BaTb C MOMOLILbIO ONpele/JeHHOTO KOJKYeCTBa MHAEKCOB u, v,

H KoTophie NpeoGpasyioTcs B COOTBeTCTBHU ¢ (4.12), HasmiBaetcs
KOBAPUAHMHbIM MEH30POM.

[Ipenoctepexxenne: B TeH3ope THNa By, LS NONYYeHHs CKa-
JIIPHOTO [0J11 MOXKHO He NMPOH3BOAHTb CYMMHPOBAHHS MO MOBTOP-
HbHIM HHJEKCAM, MOCKOJIbKY MaTpHisl z& , BOOGLle He MOAUMHS-
I0TCA YCNOBHAM opToroHanbHocTH (1.4), o6s3aTesbHBIM s Mpe-
o6pazoBaHuii JlopeHua L%. HexenarenbHo CyMMHpoBaTh N0 BYM
NOBTOPHBIM HHXXHHM HHIeKcaM. TeM He MeHee, HaM Gbl XOTeJOCh
paccMOTpeTb TaKHe caydad KaK ypaBHeHWs Makcpessa B cBeTe
obliefi TeOpDHH OTHOCHTEJIbHOCTH, fie, ecTeCTBEHHO, BCTPEUaT-
Cfl BHYTpPeHHHe MNpPOU3BelleHHs BeKTopoB. [l Toro, 4uToGbl HaM
CYMeThb OCYILeCTBUTL 33AyMaHHOe, Ml BBOAUM APYTOH THI BEKTO-
POB. TaK Ha3hiBaeMble KOHMPABAPUAHIHbIE BEKTOPH U TEH3OPH!.
[ockonbKy KOHTpaBapHaHTHBI BEKTOp MpeolpasyeTcs He TaK KaK
KOBapHaHTHbLIA, MBl NOJDKHBEI 3TO KaKHM-TO 00pa3oM OTOGPas’HTh.
Jns1 3TOro MBI CTaBMM €ro HHAEKCH B BepXHee moJiokeHue: F#(x).
IIpaBHs0 peo6Gpa3oBaHuii C yUeTOM BEpXHEro MONOXKEHHs HHAEKCa
Tenepb oTyHuaetcs ot npasui (4.10), (4.12) ang HUXHHUX HHOEK-
COB H TOCTYJIAPYETCS CAeNYIOUHM 05pasoM:

Fh(u) = ub o F(z(u)), (4.13)

a KOHTpaBapHaHTHble TeH30pbl F#Y“- - npeofpa3yloTcs B BUAe
NIPON3Be/IeHHH:

FOrp@y pBe (4.14)
Ham BcTpetaiTes TakKe cmewannble TeH30psl — C BePXHUMH (Hal-
CTPOYHBIMHM) H HHXHUMH (MOACTPOUHBIMH) HHeKcaMH. OHM Mpe-
00pasyloTcst B BHJe COOTBETCTBYIOIMX NPOH3BEJEHHH.

Ynpaxuenne. [lposepbTe, uTo NpaBHia NpeoGpa3oBaHU
(4.10) u (4.13) obpazyloT rpynnsi, T. e. NpeobpasoBakte © — u Aa-
T TaKoii e TeH30p, UTo U P £ — v — u. [IpUMHTe K CBeJIEHHIO,
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4TO yacTHUHOe AHpdepeHnpoBaHHe NOJUHHAETCH YPaBHEHHIO:

Oz# _ Oz# Ou*
ou’ ~ 9v* du’’

(4.15)

CyMMHpoBaHHe N0 NOBTOPHLIM HHAEKCAM JOMyCKaeTcsl, ecau OfHH
M3 HHIEKCOB BEePXHHUH, a ApYroil — HHUXHHUEA:

FHu)A,(u) = u” o F*(z(uw))2? L Ag(z(u)), (4.16)

a MOCKOJbKY MaTpHua u” , sBAseTCH O6PAaTHOH BeauunHoit 2P ,
(B cooTBeTCTBHH C 4.9), MBI HMeeM:

ut qaf =88, (4.17)

Takum obpasom, npousBeneHHe F* A, NefiCTBUTEIBHO Npeobpasy-
eTCsl B BUJle CKaJISIPHOH BeJHUHHbI:

FP(u)A,(u) = F*(z(u)) A (z(u)). (4.18)

3aMeTHM, YTO NMOCKOMBKY B COOTBETCTBHH C NPABHJOM CYyMMHPO-
BaHHS CJIOKEHHe MPOH3BOMMTCH MO MOBTOPHLIM HMHAEKCAaM C OJH-
HaKOBbHIM HaHMeHOBaHHeM, B (opMynax THna (4.16) Mbl JO/KHBEI
NMpeflycMOTpeTh, YTOGkI BCe He CYMMUpYeMble HHIEKCH HMeH pas-
Hbie HaHMEeHOBaHHUS.

Mpl 3amedaem, uto B (4.4) u (4.5) GeckoHeuHo MaJoe nepe-
MellleHHe KOODAMHAThI, dx#, rpeobpasyercss B BUJe KOHTpaBapH-
aHTHOTO BeKTopa. MIMeHHO moaToMy KOOpAHHATaM NpPHCBAHBAIOTCA
BepXHHe HHeKChl. YpaBHeHHe (4.17) cBUAETENLCTBYET TaKXKe, UTO
nenvTa-cuMBo KpoHekepa (npu ycJOBHM HalW4Ws Y HEro O4HOTO
HHXXHETO W OfHOTO BEPXHEro WHAEKCa) SBJSeTCH UNBAPUAHMHbIM
TEH30POM: BO BCeX KOOPAUHATHBIX CemKkax OH WMeeT OJHHAKOBLIH
BUA.

I'pagneHTs! TeH30pOB

['panneHT cKansipHOTO MoJs ¢ npeobpasyeTcs B BUlle KOBapH-
aHTHOTO BeKTopa. ByayT M rpaaneHTbl KOBapHaHTHBIX BEKTOPOB H
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TEH30pOB B 3TOM CJyuae KOBapHaHTHbIMH TeHsopamu? K coxale-
HH10O, HeT. IlycTh, HauMHas ¢ 3TOTO MOMEHTa, yacTHoe NH(depen-
uuposanue 8/0z* 1Js npocToTh 0603HayaeTcs J,,. MHoraa 3anuce
Oyjet ele Kopode:

:
5:;‘:¢ = 3“45 = ¢1P'" (4.19)
[To (4.10) Haxopum:
Oall (W) = 522 A,() = 5% (25 Au(2(w)) =
B
ajj“ O Do Aaw) + 5 Aulalu)) =

= o 42° o83 Au(()) + ¥ 0 v Ay (2(u)).
(4.20)
IlocnhenHee cnaraeMoe B 3TOM ypaBHEHHM OTKJOHSIETCH OT TIOCTY-
JHPOBAHHOTO NpaBuJa Npeobpa3oBaHus TeH30pos (4.12).
3aMeTHM Tenepb, YTO AJs 0OBIYHOTO YaCTHOro AHb¢epeHuH-
pOBaHHs BCerja clpaBeiuBo

zh oy =a¥ L. (4.21)

Otciona cnefiyet, UTo GHMUCUMMEMPUUHAS 4acmb O A, A8AREM-
€ KOBAPHAHTHLIM TEH30pPOM:

Fop = 0aAy — O0pha;  Fupu(u) =18 4a” , Fp(x(v). (4.22)

IT0 ypaBHeHHe IBJSeTCA BaXHOH COCTaBJAIILEH MaTeMaTHYeCKOH
TeopHH AuddepeHLHaNbHHX GopM. MOXKHO NPOJOMKUTL Clieflyio-
1AM 06pa3oM: ecih Aag = —Agq, TO

Faﬁ-y = 501457 + 85A7a -+ d,yAag (4.23)

ABNAIETCH NOJHOCTHIO AHTHCUMMETDHUHBIM KOBAapHAHTHBIM TEH30-
poM.

Janee pacCMOTPHM MOJHOCTBK) AHTHCHMMETPHUHbLI TEH30p

Guvap € KOJHYECTBOM HHIAEKCOB, COOTBETCTBYKWOUIUX pPa3MEPHO-

CTH MPOCTPAHCTBa—BPeMEHH (COXPAHHUM [POCTPaHCTBO-BpeMs Ye-
ThipexmepusIM). Torna MOXHO 3anHcarTs:

Juvap = WEupaps (424)



4. Kpusoauneiinsie cucmemst koopdunam 27

(cM. onpenenenne ¢ 8 (1.20)), NocKONbLKY YCJIOBHE aHTHCHMMETPHHU
3a7aeT 3HaYeHHsl BCeX KO3(POHUHUEHTOB g, a8, He cuMTasi obluero
MHOXHTeNA w. XOTH w He HMeeT MHJEKCOB, OH, KaK Mbl YBHIHM
lanee, He GyneT npeo6pazoBLIBATLCA MO TUNY CKAASPHOTO MOJS.
BmecTo Hero Mbl HaXoguM:

w(u) = det(z"), )w(z(u)). (4.25)

HasoBeM BesnumHy, Kotopass npeo6pasyetcs mogo6HEIM 06pa3oM,
NAOMHOCMbLIO.

HetepmuHaHT B (4.25) MOXeT NefiCTBOBATh KaK IKOGHAH Ipe-

obpasoBanus B HHTerpane. Ecnu ¢(z) npeacrasasier co6oii Hekoe

CKaJIfApHOE noJe (HJIH BHYTpeHHee NpoH3BeeHHe TEeH30pOB C COB-
MajarvilumMKy BePXHHMH 4 HUXKHHUMH HH}leKcaMPl), TO uUHTErpan

/w(x)¢(x) d*z (4.26)
He 3aBUCHT OT BhLIGOpa KOOPAHHAT, NMOCKOJbKY
/d4x... = /d"‘u-det(&r“/@u")... (4.27)

ITo TakxXe noATBepxaerca (4.24):

/E,‘mg dut A du” A du® A du? =
= / Geays dz™ Adz* Adz? Adal. (4.28)

YkaxeM Ha [Ba BaXKHbIX CBOHCTBA TEH30POB:

1) Teopema o pasnoxeHHH,

Kaxanii Tensop X*Y°P - MomHo samucaTh KaK KOHeUHYH
CYMMY TNpOH3BeleHHH KOBAPHAHTHBIX U KOHTPABAPHAHTHLIX BEKTO-
pOB:

N
v... t)
X =) AL By . PRQY . (4.29)
t=1
Yucao YJNeHOB, N, HE JOJI2KHO MpeBbillaTh YHCJa COCTaBAAOUIUX

Tensopa®. Ecam BbIGpaTh B ONHOM CHCTEMe KOOpIHHAT BeKTOpH A,
B, ... Takum o6pa3zoM, uToGLl OHH, B3SIThle [0 OTAENBLHOCTH, He

SEcau n — pasMepHOCTL NPOCTPaHCTBa—BpeMeHH, a r — KOJHYeCTBO HHIEKCOB
(paur TeH3opa), To HeoGXonnmo He 6onee N < n™~1 unenos.
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oGpallajiich B HYJb TOJbKO MO OAHOMY 3HAueHHI0 HHAEKca, TO
[0Ka3aTeJbCTBO TeOpeMbl He COCTABUT TPYHa.

2) Teopema uacTtHoro.

[lycts  pana npousBosbHAag COBOKYMHOCTb  KOMIIOHEHT
X% -P--- TlycTh W3BeCTHO, 4T AN BCeX TEH3OPOB A%
(c 3adannbim, PUKCUPOBAHHbIM YHCTIOM BEPXHHX H/UJIH HHXKHHX
UHAEKCOB) BeJUUHHA

B =X A
npeoGpasyercss KaK TeHsop. Toraa cam X Takxe npeoGpasyercs
KaK TeH30p.

Hna nokaszarenbcTBa MOXHO NPHBJAEHb WHAYKTHBHBIA METOA.
Criepsa BeIOUpaeTcs A Bcero ¢ ONHHM HHJEKCOM. 3aTeM B OfHO{
CHCTeMe KOODIHHAT MLl 3ajlaeM eMy BCero oflHy HeHYJeBylo KOM-
NOHEeHTy. 3aTeM MOXHO Bocmosb3opaThes (4.9) wau (4.17). Ecau
y A OKaXeTcsi HECKOJIbKO HHJEKCOB, MOXKHO PasfoXHThb ero ¢ fo-
MOLIBIO TeopeMbl O Pas/IoKeHUH.

JlocTHKeHHeM 3TO# MaBbl MOXHO CUMTATh TO, UTO MBI HAayuH-
JIHCh paboTaTh C TEH30PaMM B HCKDHUBJEHHOH CHCTeMe KOOpAMHAT.
Mx MoxxHO nHb(epeHIMpPOBaTh U HHTETPUpoBaTh. ONHAKO Npex/e,
YeM Mbl CMOXKeM MOCTPOMTH HHTEPeCHbIe C TOUKH 3peHHs PUIHKH
TEOPHH B OTHOILEHHH WCKPUBJIEHHBX MPOCTPAHCTB, NPUAETCS Mpe-
OJ0JIeTh ellle [iBa NpensiTCTBHA:

(i) Ho cux mop HaM yzaBa/och NPOW3BOLUTH AH(pDEpeHLHpo-
BaHWe JIUWb GHMUCUMMEMPUYHbLM CTIOCOGOM, B MPOTHBHOM CJy-
yae pe3yJ/bTHPYIOIINE TPALHEHTH He YAANOCh Obl IPeoGpa3oBLiBATH
KaK TeH30pHI.

(ii) To-npexxHemMy ocTaeTcs 1Ba TWMa UHpaeKcoB. CyMMHpOBa-
HHe BO3MOXHO, JIHIUb €C/IH OZHH UHAEKC — BepXHHMH, a ApYrol —
HUXHUA. ITO orpoMHoe NpensTCTBHe [ OCTPOSHHS KOBAPHAHT-
HBIX (DOPMYJNHPOBOK CYLLECTBYIOLWIHX 3aKOHOB NPHPOIbI, HANPHMep,
3akoHoB Makcgesna. [lonpobyeM 0Go#TH 5TH TMPeNsTCTBHA, OXHO
3a ApyTHM.

5. Ad¢punnasn ceasHoctb. Kpususna Pumana

OnucaHHoe B mMpeiblAyluel raBe POCTPAHCTBO, OJHAKO, He
JOCTaTOYHO CTPYKTYPHPOBAHO, YTOGH B €r0 paMKaX MOXHO Gbl1o
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cOpMyNHPOBaTL Bce H3BECTHHIE (U3MUECKKe 3aKOHH. Jlas xopo-
Wero MOHMMAHHSL TOW CTPYKTYphl MPOCTPAHCTBA, KOTOPYIO mpen-
CTOHT BBECTH Ha JAaHHOM 3Tafe, Mbl JOJKHBI CHa4yaja JaTh onpe-
AeneHWe TOHSATHIO «adpuHHas cBs3HOCTL». JIMub B crienyiolei
ThaBe Mbi DafWM oOflipefieJieHHe pacCTOSHHIO BO BPEMeHH H Mpo-
CTPaHCTBe.

.S
/

v )
/

/

/

7
e

X7

//K*S;/l(x)

—

Puc. 2. J\Ba KOHTPaBAPHAHTHEIX GJAM3KO PACHOJOXKEHHbIX BEKTOPA Ha KpH-
Boit S.

[lycTs £#(x) ARNSIeTCA KOHTPABAPUAHTHLIM BEKTOPHLIM lo/IeM,
a T#(T) — mpocTpaHCTBeHHO-BpeMeHHOH TpaeKTopHeil S Habona-
Tens. JlonycTHM Tefepb, YTO HAGMIOAATENb 3HACT, KAK OMpe/eliHTh,
NOCTOSIHHA JIH BeJIHUHHA £H(z) W OHa U3MEHSeTCs ¢ HaMeHe-
HHeM coGcTBeHHOTO BpeMeHn 7. [apaiiTe ykaeM HaGJiofaeMyo
BPEMEHHYIO NPOH3BOAHYIO TOUKOH:

¢ = Le(a(r)). (5.1)

Ha6aonaTenb Ucnob3yeT cHCTeMY KOOPAHHAT T, Tle OH HAXOAUT-
¢sl B Hauasle KOOpAHHAT O TPeXMepHOro npocTpancTa. Kakum xe
Gynet (5.1) B mpyroft cucTeMe KOOpAMHAT, HafpHMep, u?

¢ (z) = 2* " (u(x));

2 e & Len(z(r))

(5.2)

~ A~
xﬂ,,,g;a"(uw») ot B ().

TakuM 06pa3oM, €cCJH Mbl XOTHM OIpelleJINTh BeJHYHHY &Y, Ko-
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Topas npeo6pasyeTcs Kak KOHTPaBeKTOp, To, AJsi o6iiedl cUCTeMb
KOODAKHAT 3TO JOJIZKHO OLITh 3aMKCAHO KaK:

) e Leuir) + Tl wm).  (53)

3nech I'V )« ~— 3T0 HOBOE NoJIe, H BOJIU3H TOYKH u MECTHLIH Ha6M0-
naTeslb MOXKET HCIMOb30BaTh Goslee «NPelNoYTHTEILHYIO» CHCTEMY
KOOPIMHAT I, B KOTOPO#

w” Lz* en=TY5. (5.4)

B sToii n3GpanHoil HabaionateneM cucTeme KoopauHat I' ucues-
HeT, HO MoAbKO Ha e2o kpusou S! Booblue roBops, HeBOIMOXKHO
Ha#TH TaKYyK CHCTEMY KOOpIHHAT, B KOTOpO# ©bl I' Bcuesno Bck-
ny. @opmyna (5.3) onpenensier napasiessroe nepemeujenue Kox-
mpasapuanumuo2o eexmopa BLoib Kpusoit S. Ilas atoro Jlesu -
usuTa BBes HoBOE nosie 'y, (u), Ha3BaHHOE UM «MoJieM abdHH-
HOH CBA3HOCTH». XOTS1 3TO ¥ TI0Jle, HO He TEH30pHOE, MOCKOJbKY
OHO TipeoOpasyeTcsi B BUle:

f‘”m\(u(x)) =u", [x"‘vnxﬁ,,\l“"ag(z) + :c“,,c,,\]. (5.5)

Ymnpaxuenue. [lokaxure (5.5) ¥ noxaxwure, yTo ABa no-
clie[oBaTebHLIX MPeo6pa3oBaHHA TAKOTO THNA CHOBA NPUBORAT K
npeo6pa3oBaHuio Buaa (5.5).

Tenepb Ml BHAHM, uTO (5.4) NPHBOAKT K paBeHCTBY

IWAN = Fun)\a (56)

d TIOCKOJIbKY
Tlu,n,k = m“.z\n.y (5-7)

Takasi CHMMETPHS TaKxe COXpaHMTCH B JIOGOH LPYro# cHcTeMe
koopauHaT. B npununne, npumenss (5.3), yxe MOXHO paccMar-
puBaTh MPOCTPAHCTBA C NapaJlleJbHBIMU CMelleHHAMH, toe T He
noguuHsaercs (5.6). Ilpu sToM He CYLIeCTBYeT TaKMX JIOKAJbHBIX
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UHepUHaJbHBIX CHCTEM KOOpAMHAT, Tle B KaKOH-IHGO 3alaHHOH
TOUKe T MOXKHO OblIO 6B Habmogath [#y, = 0. D70 HasblBaeT-
csl Kpyueruem. Mbl He GyieM OCTaHaBJHBATLCS Ha ITOM N0Apo6-
Ho. OTMeTHM AHllb, YTO AaHTHCHMMETPHUHAS YacTb I'# .\ ABAseTCS
OGBIYHBEIM TEH30PHBIM NOJIEM, W ee MOXHO BBECTH B HalUH MOJeJH
nozaHee. Ha NaHHBI MOMEHT Mbl OTpaHHUMMCS CJyuyaeM, Koraa
ypaBHeHHe (5.6) Bcerna crpaBeJuBO.

Teodesuneckas — 310 Kpusasi z#(c), KOTOpass MOAUHHSAETCS
YPaBHEHHIO

K A
&%22-:5"(0) +TH, %% 0. (5.8)
TlockonbKy dz# /do npencraBasieT co6oii KOHTpaBapHaHTHBIH Bek-
TOp, TO 9TO ypaBHEHHe ABJSAETCH YaCcTHHIM cayyaeM (5.3), U ypas-
HeHHe 19 NaHHOW KPUBOH GyAeT WMeTb OJHHAKOBHIH BHA BO BCeX
CHCTeMaX KOOpAHHAT.

N.B. Ecau BbIGpaTh NPOU3BONBLHYIO, OTAHYAKOLLYIOCH OT OMH-
CaHHOH, NapaMeTpusauuio KpuBol (5.8), To wucnoJp3ys napa-
MeTp &, KOTOPHI fBJseTCH NPOH3BOJNLHON AHbDepeHitupyeMoil
(yHKLHER o, MOXHO MOJYyUHTb APYroe ypaBHeHHe:

dcfz zH*(7) + a(a)—m"( )+ TH ==

rie o(0) MoXeT GHTb J11060i dyHKUHeH 7. DopMa KpHBOi B Ko-
OPAHHATHOM MPOCTPAHCTBE SBHO He 32BUCHT OT (BYHKUHH o(J).

dz" dx

== =0 (5.8)

Ynpaxuenue. Ilposepste (5.8a).

KpuBrle, onucanubie (5.8), MOXHO OXapakTepusoBaThb Kak
MpOCTPaHCTBEHHO-BPEMEHHbIE TPAEKTOPHH YaCTHIL, ABHXKYLIMXCH B
rpaBMTalHOHHOM TioJie. B camoM fesle, B Ka) [0l TOUKe T UMeeTCs!
Takas cucTeMa KOOpauHaT, rie I' ofpallaetcst B HyJb, U Tpaek-
TOpUS BhINpAMJAAeTCA (CHCTeMa KOOpAMHAT JH(TA, HaXOAALErocs
B cBOGOJHOM NajeHHH). B nudTe, nBUKYlEMCS ¢ yCKOpeHHeM,
TPaeKTOPHH BHLITIAAAT HCKDHBJAEHHBIMH, W Ha6/iofaTe/b BHYTPH
JH(Ta MOXKeT NPHIINCATh 3Ty KPUBH3HY JNEHCTBHUIO I'PaBUTALHUOH-
Horo moasi. TeM caMbIM TpaBUTaLIHOHHOE TIOJIE OTOXKAECTBAAETCA €
noJjeM ap@HUHHOH CBA3HOCTH.
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[lockonLKy Mbi Teneph HMeeM none, KoTopoe MpeoGpasyercs
no (5.5), MOXHO NPHMEHHTL ero AN YAANeHHs HeXenaTeNbHoro
nocaeaHero unena (4.20). Onpenenum xosapuanmuyo npou3soo-
HY*0 KOBEKTOPHOTO 110J1S1:

Do Ay = 0,4, —TVauA,. (5.9)
Januas Benunna D, A, xopolio npeo6pasyeTcs B BUIE TeH30pa:
DoA,(u) = 2# 2P oDgA,(x). (5.10)

OGpaTuTe BHMMaHHe, YTO C LEJbI0 COXPAHEHHS HEeH3MEHHOCTH
{(4.22) fonKHO BBHIMONHATBLCA YCAOBHE

DoAy — DyAa = 8aA, — 8,y Aa, (5.11)

TaknM e 06pazoM MOXHO OMNpejesHTb KOBAPHAHTHYIO Npo-
H3BOJHYIO0 KOHTPaBAPHAHTHOIO BEKTOPA:

Do A* = 9, A* + TH 5 AP (5.12)

(o6patuTe BHHMaHHMe Ha otauyde oT (5.9)!). Tenepp HeTpyaHo
ofnpefieJIMTh KOBapHaHTHLIe IPOM3BOAHbIE BCEX OCTaJbHBIX TEH30-
pOB:

DXl = 0u XM AT apXX  AT"epXl + ... -

—TP W XBy TP Xl — .. (513

Beuipaxkenus (5.12) u (5.13) Takke npeo6pasyioTcs B BHIe TEH30-
pOB.

Jlerko Takxe NpoBepuTh H «IpaBHJIO yMHOXeHHs>. [lycrs
TeH30p Z ABJseTCs NpousBefieHreM IBYX TeH30poB X u Y:

Z5 Th = X YT  (5.14)

Torna nonyyaem (B crcTeMe 0603Ha4YeH U, Ile Mbi BpeMEHHO onyc-
KaeM UHJeKCH):

DaZ = (Do X)Y + X(DoY). (5.15)
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Kpome Toro, ecam cymmupoBaHHe MPOH3BOLMTCS N0 MOBTOPHBIM
HhJekcaM (ONHH HWXXHHMHA W ONMH BEPXHHI — HazoBeM 3To csep-
Mmbi8aHUEM UHIEKCOB),

(DaX)!s - = Da(X!5: ), (5.16)

cKoOkH B (5.16) HeoGsizaTelsbHbI. Moxmo JIETKO [0Ka3aTb, YTO
(5.15) u (5.16) cmpaBennuBel B MI0GOI TOUKe T, ecad BHOGpaTh
TaKyl0 CHCTeMy oTcuyeta, rie I' ofpaiuaercss B HyJb B 3TO# TOY-
Ke z.

KoBapHaHTHas NpoH3BOAHas CKaJAPHOro MNOJA ¢ SBJSETCS
OOLIYHOH MPOM3BOJIHOM:

Do¢ = Oad, (5.17)
HO 3TOMY He yIOoBJIeTBOpAeT (YHKIHS IIOTHOCTH (cM. (4.24)):
Dow = Gow — T# ,qw. (5.18)

Dyw aBasieTcs npouspefieHHeM MIOTHOCTH H KOBEKTOpd. JTO Bbi-
BoaHTCH M3 (4.24) W paBeHcTBa

e g0 = 605, (5.19)

TakuM o6pasom, Mbl OGHApYXKHJIH, UTO €C/IH BBeCTH B MpO-
CTPaHCTBO WJIH B NPOCTPAaHCTBO~BpeMA noJie I'pz,x, KOTOpoOe NMpeot-
pasyercs B COOTBETCTBHH ¢ ypaBHeHHeM (5.5), Ha3niBaeMbIM ypaB-
HeHHeM <«ad(PUHHOA CBA3HOCTH», TO MOXKHO HaiTH: 1) reogesu-
4yecKHe KpHBhle, — TPAeKTOPUU YaCTHY, B CBOGOAHOM NafieHUH W
2) KOBapHaHTHYI NMPOH3BOAHYIO JIOGOr0 BEKTOPHOTO M TEH3OPHO-
ro noast. OHaKo A0 CHX TOp Mbl He HMeeM: i) TOYHOrO orpefie-
JeHHs PAcCMOANUL MeXIY TOUKaMH H ii) crocoGa CBS3U MEXAY
KOBEKTOpaMH U kormpasekTopaMu. CyMMHpOBaHHe MO NOBTOPHLIM
MH/IEKCaM MMeeT CMAIC] JIMIbL B TOM cJy4dae, ec/¥ OAMH H3 HHX —
BEPXHHH, a APYroil — HUXKHUIL.

Kpusnsna

BHoBbL o6paTuMcsi K KpUBO#l S Ha pHC. 2, HO 3aMKHeM ee
(puc. 3). BosbmeM KoHTpaBeKTOpHOe MoJie £#(x) €O CBOACTBOM

£"(z(r)) =0. (5.20)
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Puc. 3. TlapannensHoe cMellieHHe BIONIL 3AMKHYTOH KPHBO#H B HCKPHBJAEH-
HOM TNIPOCTPAHCTBe.

nyC'f‘b Halla KpHBasg OU€Hb Mana7 , HACTOJILKO, YTO MOMNKHO 3aMy-

came £(z) = & + & 2# + O(z?). (5.21)

BepHeTcst i 3TOT KOHTPaBEKTOP K CBOEMY HMCXOIHOMY 3Ha-
YEHHIO, €C/IH MPOCAEIHTL 32 HHUM, CAeJaB NOJNHLIH 060pOT BAOJbL
OKpyxHocTH KpuBoi? Coraacto (5.3), npH YCOBUU HCYe3HOBEHHS
noas ceasHocTH I' = 0, otBeT, Ge3ycnoBHO, OyAeT NOACKHUTENb-
HbIM. OfHaKO B CJy4ae NPUCYTCTBHSE CHABHOTO IPaBUTALMOHHOTO
T10JIs1 MOXKeT BO3HMKHYTb OTKJIOHeHHe §&¥. Haxopum

7{ dré = 0;
5" = §drder(alr) = = T Lo (alr) dr =

= — %d‘r(l""nx + I 02%) —(—;—_—-({" + §,'Lz“),
(5.22)
A€ HaMH TIPHHSATO, UTO GYHKUHA z(7) HACTONBLKO MaJia, 4TO CJiara-
eMbiMK nopanka O(z?) MoxHo npeHe6peub. [TockoAbKy Mbl HMeeM
3aMKHYTYIO KPHBYIO, TO

Il

A
de‘-i;T =0 u Dy m0— £, ~-T5f  (5.23)

"B adduHHIM POCTPAHCTBE, He HMelolleM MEeTPHKH, C/0Ba «Madbiif» U «G0Nb-
INofi» He HMeloT cMhicaa. OfHaKO NOCKOJbKY Tpebyercd AHGipepeHiHpyeMocTh, TO
npefiesl «Malioro pasMepas Xopollo onpefeneH. [losToMy TouHee GymeT cKa3ath,
YTO LaHHasi KPHUBaA uxgurumuiesarsro Maja. (infinitesimal (anra.) — GeckoHeu-
HO MaJbi. — [lpum. nepes.)
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Orcrona (5.22) npuoGpeTaeT BHA

A
§¢Y = 1 (}{ xadi dr) RY2a€" + BbICUIHE NOPSAKH MO .

2 dr
(5.24)
[Tockosbky
adz? Az o
%a} I d'r-f—f:z: o dr =0, (5.25)
TO CYIUeCTBeHHa JIMlIb aHTHCHMMeTpHUHas 4acTb R. [Tpumem
RUK)\a = —Rumxz\ (526)
(ko3pdunmenT % B (5.24) BuiGpan nns ymo6erea). OTciofa Mbl
HaXoMM
RYora = ax\l-wn,\ +I"26T%ea — Fvao‘ran/\- (527)

Mul yTBepXK/aaeM, UTO 3Ta BeJHUMHA JOJKHA NPeoOpas3oBLi-
BaThCA KaK MCTHHHBIR TeH30p. DTO MOXeT BLI3BaTb HeOYMEHHe,
NOCKOJIBKY caMa Mo cele BednuHHA I' He sIBJISeTCH TEH30pOM, a
BMEeCTO KOBapUAHTHLIX NPOU3BOAHLIX MPUCYTCTBYIOT JIHIIL OGLIY-
Hble pouaBonHbie Jy. [IpuBeneM xon paccyxuenuii. B (5.24) ne-
Bast 4acTh, £¥, ABJIALTCH HCTHHHBIM KOHTPAaBEKTOPOM, KpOMe TOTO,
BeJIMUHHA

S = f xa%i dr (5.28)
npeoGpasyeTcs Kax Tensop. Teneps MOXHO BHOUpATh £ 110 Hallle-
MY YCMOTPEHHIO, NIPOH3BOJILHBIMH MOXKHO TakKxe 6paTh 3JIeMEHThI
noBepxHocTH S®*. EcauM NnpH 3ToM MNpHBJIeUb TeopeMy uacTHOro
(pacluMpeHHYI0 C YueTOM clyyasi aHTUCHMMETPHUHBIX TEH30POB),
MOXHO CllelaTh BBIBOJ, UTO B JAHHOM CJyyae COBOKYMHOCTb KO-
3¢ ULHEHTOB R” ), IOMKHA TaKXKe NPeoGpPa3oBuiBaTLCH KaK HC-
THHHBIH TeH30p. MOXHO, KOHEYHO, YAOCTOBEPHTHCS SABHO, HCNIOJb-
3ys (5.5), uto KoMbunauus (5.27) neiicTBUTENbHO NpeobpasyeTcs
KaK TeH30p W YTO HeoQHOPOJHble UJieHbl B3aHMOUCKJIOUATCS.

BeanunHa R”,y, MO3BOJISET HAaM OLEHHMThL CTeleHb HCKPHB-
JIEHHOCTH JAHHOTO [IPOCTPAaHCTBA W Ha3bIBAETCSl PUMAHOBLIM MEH-
3opom kpususHet. U3 (5.27) BeBofUM

Rvn)\a + Ru)\om + Ryam\ =0 (529)
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DoRY gy + DgRY ye + DyRY o5 = 0. (5.30)

[Tocnegnee ypaBHeHue, Ha3nlBaeMOe TOXAECTBOM DbfiHKM, Jerye
BCEro BHIBECTH, €CJIH yuecTb, UTO [J151 KaXKAO0H TOYKM = CYIecTBY-
eT CHCTeMa KOOpAMHAT, rhe B 3Tofl TouKe z BejuunHa I'V ., = 0
(xoTs ee nponssonHyio OI' HeBO3MOXKHO 06PaTHTH B HYJIb). Tenepb
ocTaeTcsl TONbKO yuecTs Te unenbl (5.30), Kotopsie JinHeiiHb 8 OI.

B caydae ¢ 4acTHHIMH NPOH3BOZHLIMH J,, MMeeTcsd BO3MOX-
HOCTb MepecTaHOBKH MHOXHUTenel: 9,8, = 0,8,. Ha koBapuaHT-
Hble IPOH3BOIHbIE TaKast BOBMOXKHOCTb He pacripocTpaHsiercs. Jlas
J11060ro0 KOBEKTOPHOTro nosist A, (x) Mbl onpefensieM:

D,D,Ay — D,D, Ay = —R*4,, Ax, (5.31)
a 1n1st 1106010 KOHTpaBeKTopHOro noas A
D.D,A* — D, D,A% = R®),,, A, (5.32)

B UeM MOXXHO YJOCTOBEPHTbCS, OOPAaTHBIUHCL HETNOCPEACTBEHHO K
ofipefieieHnI0 R, ,,. ITH ypaBHEHHS TaKXke SICHO IOKa3blBAIOT,
noyeMy pHMaHOBAa KPHBH3HA NpeoGpasyercs KaK MCTHUHHBHIH TeH-
3op; (5.31) u (5.32) cnpaseanussl Aas Beex Ay H A%, a HX JieBble
YacTH nmpeoGpasyloTcst KaK TEH30DbI.

OdeHb BaXKHO/I BJISETCA TEOPEMA, B COOTBETCTBHHU C KOTOPOH
TeH30op PuMaHa noanocmeto 3aiaeT cTeneHb KPHBU3HLI MPOCTpaH-
CTBa MJIK MPOCTPAHCTBA~BPEMEHH, €C/lH 9TO NPOCTPAHCTBO~BPEMSt
ORHOCBA3HO. Uro6bl foKasaTh 3TO, JONMYCTHM, uTo RY .., Besae
PaBHO HYJIO. PaccMOTpHM 3aTeM TOUKY T M CHCTEMY KOOpAMHAT
npu ycnoBuM paBeHcTBa [ a(x) Hyso. Torma, ucxoas M3 Toro
¢akra, uyro (5.27) obpainaerca B HY/lb, Mbl JeJaeM BbBOZ, UTO
B OKPECTHOCTH 3TOH TOUKH MOXHO ONpefeNuTb BeJuunHy XY mo
YpaBHeHH IO

TV ga(2') = 0x XY (z") + Oz — 2')%. | (5.33)

Besenctaue cummeTpuu (5.6) mbl HMeeM 9, XY = 8, X%, a 3To B
CBOIO O4epe/lb yKashiBaeT Ha CyLIeCTBOBaHHE BENHUMHBI y¥, NpH
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KOTOpOH
[a(z') = —8,0,y" + O(z — 2')2. (5.34)

Ec/i B3ITh y* B KauyecTBe HOBOH CHCTEMB! KOOPAMHAT OKOJIO TOY-
KU T, TO B COOTBETCTBHHU C (5.5) apHHHAsK CBASHOCTb B OKpecT-
HOCTH 3TOH TOUKH 06paTHTCH B HyJAb. [IpH TakeM Mopxose MOMXKHO
CKOHCTPYHPOBaTh 0COCYI0 CHCTeMy KOOPAHHAT IS NOJHOrO npo-
CTPaHCTBA, TAKYIO, Iie CBA3HOCTb BO BCeM POCTPAHCTBE CBOAMT-
¢l K HyJIO (TIpH YCJIOBHH €T0 OHOCBA3HOCTH). HMTak, Mbl BHAHM,
YTO ec/iM KpUBH3Ha PUMaHOBA NPOCTPAHCTBA OGPALLALTCS B HY/b,
MOXHO CKOHCTPYHPOBAThb TAKYI0 CHCTEMY KOOPAMHAT, B KOTOpPOi
Bce reofle3H4ecKHe BAAIOTCS NPAMBIMH JHHHUAMH, a BCe KOBapH-
aHTHble TIPOH3BOAHLIE — OGHIYHBIMH npOH3BOI!,HbXMH [Tpu 3TOM NO-
JYUHATCS fIOCKOe NPOCTPAHCTRO.

[TpenynpexaeHue: B autepatype mno uaHHomy BONpPOCY HeT
MOJIHOTO COIVIACHSI OTHOCHTEJIbHO 3HAKOB MAs do?, Ty, RYxxa,
T, ¥ mons g,,, oMHcaHHOro B chaeaywoulell raase. He ctouT no
5TOH NpHUHHe OTKA3blBAThCA OT M3YUEHHSI KPYTHX HCTOUHUKOB.
Tonbko fipuaeTcs 4aCTO KOPPEKTHPOBATh 3HAKH H KOSQMHUUHEHTHI,

6. Merpuueckuii TeH30p

B npocTpaHcTBe ¢ ahGHUHHOA CBSI3HOCTBIO MMEIOTCS reofe-
34UeCKHe, HO HeT YacoB H JuHeeK. Mx-To Mbl u BBeleM cefiuac.
B TpeTheit rlaBe Mbl BHAEJH, UTO B IJIQCKOM NPOCTPaHCTBE HMe-
eTCsl MaTpula

-1 000
0 100
- 1
v 6 010l (6.1)
0 001

NO3TOMY [JI51 JIOPEHLL-HHBAPHAHTHOIO PAcCTOSIHHSA ¢ MOXKHO 3armM-
caThb:

o’ =124+ # =g, atz” (6.2)
(BpeMsl OyHeT HyJEeBOH KOOPAHHATOW, UTO MOXHO CHHUTATh NpaBH-
JIOM, €CJIH BCe KOOpIHMHATH! BbIOpaHbl ¢ AeHCTBHTENbHBIMH YHCJa-

MH). Jng yacTHUbL, IBUXKYILEHCS BAONb BpeMeHHUTIONOGHOH KPpHBOK
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C = {z(0)}, BospacTanue co6cTBeHHOrO BpeMeHH T' NpefcTaBiieHo
B BHIE

- 2 g datdi¥ g oodl H dg¥
T—/dT nph dl* = ~gu. io do do G dxt dz”
c

(6.3)

JlanHoe BEIpaxkeHHe He 3aBHCUT OT BhiGOpa Koopauuar. Mul

BH/IUM, UTO gy, SIBJSIETCS KOBAPUAHTHBLIM TEH30POM C ABYMS HHXK-

HHMH HHJEKCaMH, NpH NepPecTaHOBKE KOTOPHIX OH OCTaeTcs CHM-
MeTpHuHbIM. NS KpUBONHHEHHBIX KOOpAHHAT MOJyyaeM

Juv = Gop = guu(m)- (64)

[lonyyetinast BesMuMHA OMUCHIBAaeT MoJie METPHUECKOTO TeH30pa.
JIuWb BAasH OT 3Be3l W MVIAHET Mbl MOXeM HAHTH TaKHe KOOPAH-
HaThl, TIPH KOTOPBIX 3TO MOJIE B KaxKJol Touke coBnaget c¢ (6.1).
B peasibHOCTH OHO GyJleT HECKOJIBKO OTKJIOHSITHCS OT 3TOTO ypaBHe-
HHS, HO, KaK NPaBUJIO, He CJHILKOM. B uacTHOCTH Ml yTBEpXK1aeM,
4To MpH AHMAroHanusaluu OyneT Bcerda MoJyqathCsi TPU TOJOXKH-
TeJNbHHX H ONHO OTpHllaTeNbHOE COGCTBEHHOE 3HaueHHe. MOXHO
NoKa3aTh, HTO 3TO CBOACTBO He H3MeHsAeTCs NpH npeoGpa3oBaHHK
KoopiuHat. Benuuuna, o6patHad g,,, KOTOpYIO Js NPOCTOTH Mbl
6yneM HasbiBaTh g™, ONHO3HAYHO onpefelisieTcs NOCPENACTBOM CJie-
AYIOLLETO BblpaXKeHUs:

99’ = 6::- (6.5)

Takas o6paTHas BeJiMuHHA TaKXKe CHMMETPHYHA MPH NepecTaHOBKe
HHIEeKCOB. ‘

[lonyyaertcss, 4yTo BBefeHHe TAaKOTO ABYXHHIEKCHOrO KOTeH-
30pPHOr0 MoJif NPUJAeT MPOCTPAHCTBY-BpeMeHH 6otbiie CcmMpyK-
mypet, YeM TPEXHHIEKCHas apdHHHAA CBASHOCTb H3 NpeRblAyLlei
raasul. [Ipexne Beero, TeH30p g, npedycmampusaem oOun uwacm-
KoLl 8apuanm 0As noas agounnoil casnocmu. MoXHO NpocTo
MPHHATD, YTO KOBAPHAHTHASA NPOU3BOAHASA g, OOpallaeTcs B HYJIb:

DGy = 0. (6.6)
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Takoit BapuaHT JeACTBHTENbHO Obll Gbl €CTECTBEHHBIM IS PHHA-
JIepoBa NpoCTpaHCTBA, IOCKOJIbKY BHYTPH JIH(TA, HAXOASLIEIOCH B
CBOGOJHOM [ajeHHH, OLYUL2eTCs [JI0OCKOe MPOCTPaHCTBO~BpeMS,
T.€. U gy, moctostHo, K [' = 0. 13 (6.6) Mbl BUAKM, uTO

Balpe = FAapgAV + F/\al/gp/\' (67)

3anuuem:
FAay = gz\urwau: (68)
rAuu = FApa- : (69)

Torna no (6.7) HaxomHM:

%(a/.ngz\v + 6llg>\p - az\gpu) = FApu, {6.10)
M, = g*Tayu,. (6.11)

B Takom Buzie 3TH YpaBHeHHS BHIpaXaloT onpedenenue nons ac-
¢uHHOlA cBsisHoCTH. [eficTBHTeNLHO, (6.6) BuTekaer us (6.10),
(6.11). B nureparype Anst 0603HaNeHUS I"“,,., HCHOJIb3YeTCA TaKXKe

TepMHH «cuMBoJ KpucTogpdens», { 'ﬁ\} Mul npumensem sgech

npaBuao XokuHra n dainca. [lockonbky
Daod) = 8a0,) = 6, (6.12)
TO JISl BEJIMYHHBL, OOPaTHOH g, Mbl TaKXKe MMeeM
Dyg®’ =0, (6.13)

uTo BbiTeKaeT M3 (6.5) B KOMOGHHALUHM C NPaBHIOM YMHOXEHHS
(5.15).

Onuako MeTPHUYECKHH TEH30p g,, He TOAbKO JaeT HaM Mo-
e ahQUHHOR CBASHOCTH, HO M NO3BOJIAET HAM 3aMEHATb HUXHHE
WHIEKCH BEPXHUMH M HaoGopoT. Has kaxnoro kosekTopa A, (z)
HaXolHM KOHTpaBexTop AY(z):

Au(z) = gu (2)A” (z); AV = g"* A, (6.14)
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[Ip1 COBMECTHOM NpHMeHeHHH MpaBHa ymHOKeHus (5.15) v ypas-
HeHHH (6.6) u (6.13) nosydaem BaXKHBIR pe3yJbTar:

DoA* = ¢" DyA,, Dahy = guDaA”. (6.15)

Otciona cllellyer, 4TO fiepeMellleHHe HHICKCOB B BEPXHIOK HJH
HIXKHIOI TIO3HLUKY NOCPEJCTBOM YMHOXEHHS Ha g, WIH gHY MOXK-
HO TIPOM3BOAHTL [0 WJIK 10CJie KOBAPHAHTHOTO AH{depeHUHpOBa-
HHA.

MeTpHYeCKHI TeH30p TaKXkKe MOPMKAAeT PYHKUHI IIOTHO-

CTH w:
w =4/ —det(gu.), (6.16)

KoTopasi 1ipeoGpasyercst B C00TBeTCTBUH ¢ (4.25). 1o mpoue no-
HSiTb, €CJH MPHHATH BO BHHMaHHe, YTO B CHCTeMe KOODAHHAT B
OKPeCTHOCTH HEKOH TOYKH T

guu(a") = diag(—aq, b, c, d), (6.17)

3JleMeHTapHbI# 06beM 3afiaeTcst Vabed.

ITpocTpaHucTBO, oNKHcaHHOe B MpeNBIAYIIeH IJaBe, HasbiBaeT-
cfl «ahHHHBIM NPOCTPaHCTBOM». B 3T0ii raBe Mbl HMeeM feo ¢
noaxsaccoM appUHHBIX NMPOCTPAHCTB, Ha3blBaeMbIM MeTPHUECKHM
NPOCTPAHCTBOM HJH DHMAHOBLIM TPOCTPAHCTBOM; MOXHO TaKXke
Ha3BaTh ero pUMaHOBBLIM MPOCTPAHCTBOM-BpeMeHeM. Ha mpucyT-
CTBHe BPEMEHHOH KOODAMHATH YKasblBaeT ONHO OTpHUATesLHOe
co6CTBeHHOE 3HAUGHHE g,

Teoneanueckue

PaccMoTpHM IBe npou3BosbHbie TOYKH X ¥ Y B HaleM MeT-
puueckoM npoctpanctse. Jlas Kaxnoit kpusoit C = {z* (o)}, ume-
owedt X ¥ Y B KauecTBe KOHUEBLIX TOUeK

z#(0) = X*, z#(1) =Y*, (6.18)

Mbl paccMatprBaeM HHTerpal

0= / ds, (6.19)
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Jaubo npu
ds® = 9w dz* dz” (6.20)

€CJIM KPHBas NpOoCTPaHCTBEeHHONOA0OHa, Jubo
ds® = —g,, de* dz", (6.21)

ec/iy KpHBasi BpeMenunofo6Ha. [ing npocToTs nycTs, Kpusas 6yaet
MPOCTPaHCTBEHHONON0GHO# (6.20). [ns BpeMeHHN0A06HO# KpHBO#
fnpollefypa coBeplieHHO aHAJOrHYHa.

PaccmoTpuM Teneph GecKOHeuHO Manoe Cmewyerue KpHBOL,
COXpaHsfig, ofiHaKo, X H Y Ha CBOMX MecTax:

z'"(0) = 2#(0) + 7*(0), 1 — GeckoHeuHo Malo,
n*(0) =n*(1) =0

KakoBo ke Torga 6eckoHeyHo Majoe W3MeHeHUe £7?

8¢ = /6ds;

2ds éds = (69, ) dz* dz” + 2g,,, dz* d” + O(dp?) =  (6.23)

(6.22)

= (Oalyu)n® da* dz* + 2g,,,, dz* ‘ZL

BBonuM orpanHyenve Ans ucxodnoi KpHBOiL:

ds

L2 =1 6.24
&, (6.24)
YTO BCera MOXKHO peasii30BaTh, eCJIH BEIGPATh COOTBETCTBYIOLLYIO

napamMeTpH3aUuio KpuBo#. (6.23) npu 3ToM nproGpeTaeT BHA:

1 n* dz* dc¥ dz# dn®
6= [ d v . 6.25
/U T Gu do do +g’“"do do) (6.25)

[TponuTerpupyeM BTopoe ciiaraemoe mo yactsim. Hcnoabays

A
(‘g;gua = gpa,A%, (626)
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nojyyaem

_ ol —dotde  dzrdet dak
8 = / da(n (2g;w,a do do 9 Ndg dg Iy, )+

2 K A
(6.27)
Wuterpan oT nonHoi NpoM3BoAHON 0GpallaeTcs B HYJb, OCKOIb-
Ky HaMy 3ajaHO ycJioBHe, MO KOTOPOMY 7) B KOHLEBHIX TOUKaX
obpalaerca B HyAb, (6.22). [Ipu nepecTaHOBKe HHAEGKCOB A M u B
NepBO/ CTPOKe Mbl HCMONb30BaJM CHMMeTpHIO, a aas ' — (6.10)
u (6.11). Teneps, cTporo crefys CTaHZapTHOH Mpolelype MaTe-
MaTH4eCKoH (QH3NKH, Mbl UMeeM BCe OCHOBAHHS yTBepXKIarh, UTo
0€ ofpautaetcst B HYJb MpH JIIOGOM BeIGOpe GECKOHEYHO MaJioff
GYHKUHH, NOAUHHsOLEHCA IPAHUUHOMY YCIOBHIO. MBI B TOUHO-
CTH MOJIYYHJIH ypaBHeHUe 1Js reoaesnyeckux, (5.8). Ecau 6 Mbl
He HaJIOXHJH orpaHuyeHue (6.24), y Hac 6u nonyyunock (5.8a).
leonesnyeckde MNOAPa3neNsSOTCS Ha MPOCMPAHCMBEHHONO-
Oobnbie (6.20) u aspemenunodobhbie (6.21). MoXHO MoKasaTh,
4YTo AJIS BPEMeHHUMOAOGHBIX reofe3sHyecKuX ¢ sIBJAsSeTCS OTHOCH-
TeJIbHEIM MAKCUMYMOM. Y [IPOCTPAHCTBEHHONOAOGHBIX reoje3nye-
CKHX OH HaXOJHMTCH Ha CelJOBOH Touke. JIHIIbL B MpocTpaHCTBAx
C TONOXKHUTENbHBIM ONPefieieHHbIM g, LJIWHHA NYTH ¢ B caydae ¢
reofle3uecKHUMH AIBJISETCH MUHHMYMOM.

Kpnenana

BHOBL 00paTHBIIKCL K PUMAHOBOMY TEH30PY KPHBH3HbI, ONpe-
JlleJleHHe KOTOPOTO aHo B NpefbiAyluei I/iaBe, Mbl MOXKEM Terephb
TNONHSATb H OMYCTHTb BCE er0 MHAEKCHI:

Rpuaﬂ = gp/\R’\uaﬂ, 3 (628)

W TIPOBEPUTH, CYLUECTBYIOT JIK ellle KaKHe-1M60 CHMMeTPUH, KpoMe
OMHMCAHHBIX YpaBHeHUAMH (5.26), (5.29) u (5.30). 3anucas noaHble
BLIPAXKEHHSA IS KDHBH3HBL B TePMHHAX gy, HAXOAUM:

R;u/aﬁ = _Ru“aﬁ = Raﬂ‘“/. (6.29)
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CeepTbiBasi TEH30p N0 ABYM HHJEKCAM, NoNy4aeM men3op Puuuu:
Ruu = RA/J.)\U- (630)

Cnipasef11Bo
R, =R, (6.31)

MoOXHO MpOAO/IKHTL CBEPTKY W MOJYYHTh CKAALp Puduu:

R=g"R,, = R¥

v

(6.32)

Teneps, kora y Hac HMeeTCs MeTPHYECKHIi TEH30D g, Mbl
MOXKeM BBECTH 0GOGLIEHHYIO BePCHIO NPaBHJIa CyMMHPOBaHHS: Ec-
AU 8 YPOBHEHUU UMEOMCS NOBMOPHbLe HUNCHUE undeKcol, mo,
npumeHas mempuueckuil men3op g*v, odun u3 nux caedyem nod-
HAMb HA BEPXHUL YPOBEHb, NOCAE Heeo NpOBecmu CYMMUPOBAHUE
no 3unauenusm. TakuM ke o6pa3oM MOMXKHO CYMMHpOBaTh H MO
[I0BTOPHBEIM BEPXHHM HHAEKCAM:

A,B,=A,B" = A*B, = A,B,g,,. (6.33)
M3 toxnectsa BoaHkH (5.30) anst TeHsopa Puuyy BhiTekaer:
DRy — D,R=0. (6.34)

Onpenenum mensop Jinwmeina G, (z): "
Gu = Ry — %ng,, D,G,, =0. (6.35)

dopmanusM, pa3BUTHIEl B 3TOi rNaBe, MOXET ObTh MPHMEHEH
LJI ONHCaHHA JOOOTO THNA WCKPHRBJIEHHOTO TPOCTPAHCTBA HJIH
npocTpaHCTBa-BpeMeHH. MOXHO BBIGpaTb JI0GYI0 METPHKY g,
(c yyeTOM HeKOTOpHIX OTpaHHUEHHI OTHOCHTEJBHO ee COOGCTBEH-
HbIX 3HaueHHit). HaMu nostyueHbl TpaeKTOPHH — reogesuueckHe —
YacTHI, ABHXKYIUMXCH B TpaBHTalMOHHLIX Noasix. OnHAKo MoKa
UTO Ml He 00CYXa/li YpaBHEHHH, ONpefelOHX KOHDHIYpauHu
TPaBUTALIMOHHLIX MOJIEH NIPH YCAOBHM HaJlHYHMS AaHHLIX O MECTO-
NONOXKEHUH 3Be3[l W [JIAHeT B pocTpaHcTBe U BpeMenu. O6 3ToM
peub MOHNET B CAeJYIOUIMX IN1aBaX.
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7. Teopusi BO3MYIEeHUH M 3aKOH TATOTEHHS
diiHmTelHA

ME&l IONY4YHM 3aKOH TATOTEHMS, €CJIH cPOpMYaHpyeM Crocod
BHIUHCJIEHUS TeH30pa KpHBU3HBL R*,3, AN 3aJarBROTO pacrpepe-
JIeHHs] MaTepHH B NMpocTpaHCTBe—BpeMeHH. UrToGsl BhiBECTH TaKoe
paBHJIO, BOCNIOJIb3YeMCS TeM M3BeCTHBIM (aKTOM, UTO B Hepens-
THBUCTCKOM NpPHOJIMKEHUH CNIpaBeIUB HBIOTOHOBCKHUH 3aKOH BCe-
MHPHOTO TATOTeHusl. 3To GyAeT CNpaBefJIMBO B C/yuae HaCTOJNBKO
MaJjlofi 06nacTH MPOCTPaHCTBa~BPEMEHH, UTO B Hell MOMHO oflpe-
HeJINTL CHUCTEMY KOOPAMHAT, KOTOPYIO C JOCTaTOYHOH TOYHOCTHIO
MOXHO CYHTaTh NA0CKoi. 'paBUTauMOHHBIE NoAsi GYAYT NOCTATOU-
HO c/iaGbiM{, U Mbl He TOJNLKC CMOXEM C JOCTaTOUHOH SICHOCTBIO
HAaHTH BO3MOXHble CNocoOhi OMMCaHHSl 3aKOHOB MOBelleHHs Belle-
CTBA Ha 3TOM yuacTKe, HO M y3HaeM, Kak 3TU caabble TpaBHUTALH-
OHHble N0JIF 3aBHCAT OT pacrpeflesieHHs B HHX BellecTBa. MOXHO
3anucarbh AJs Habted Masoit o61acTH NPOCTPaHCTBA—BpPeMEHHU:

gl“’(m) = Ny + h;wa (7-1)
rae
-1 00 0
0 100
=109 010} (7.2)
0 001
a h,, — Manoe BoaMyulente. Haxopum (cM. 6.10)):
T = %(6,Jh,\,, + 8,k — Bxhy): (7.3)
gt? = Nuy — hHY 4+ R RV — . (7.4)

B nocnefnem BbipaXKeHHH HHIEKCH NOAHMMAJHNCh U OMYCKAJIHCh C
noMouipio p#¥ Y 1,,. Takoe NpaBuIo CyMMHPOBaHHA NPHMeHseET-
Cfl HaMH JHIlbL 4715 BBIpaXKeHUH, BKAKUalWUX h,,. Cleudansto
ofpailiaeM BHHMaHHe, UTO HHAEKCH B 7),, He TPeGyioT NepeBoia B
BepXHee WJH HHXKHee NoJoXKeHHe.

T2, = 1™ T + O(R?). (7.5)
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TeHsop KpHBH3HH GyIeT UMeTh BHI
R%gqs = 0,15 — OsT% gy + O(R?), (7.6)
a TeHsop Puuuu:

Ruy = 0aT%0 — 8,14 + O(R?) =
= %(-a%,w + 8a0,h%, + Bad, k%, — 8,8,h%) + O(h?).

(7.7)
Ckansip PuuyH nMeet BuA
R = -0%h,, + 8,8,h,, + O(R?). (7.8)
Lnst MenneHHO IBMXKYLLEHCS HaCTHUbI
dzt
i (1,0,0,0). (7.9)

Otciona, ypaBHeHHe 1Js reofesndeckHx (5.8) npuoGpeTaeT BUA

L 2(r) = ~T"%0. (7.10)
dr
OueBuaHoO, I = —I"pp MOXKHO OTOXAECTBUThL C IPABHTALHOHHEIM

nosieM. B cilyyae crauMoHapHO# cHCTeMbl MOXKHO NpeHe6peus Npo-
H3BOAHLIMH M0 BpeMeHH Jy. CliefiloBaTeslbHO, ypaBHEHHE TpaBUTa-
LMOHHOro noas (7.3) NpUBOAUTCS K BUAY

T, = [0 = %6,h00, (7.11)

H Tenepb MOXHO CYHTAThH —%hoo NOTEHLKANOM TPABHTALHOHHO-
ro mojisi. ATo MOATBepXKIaeT AOraiKy, BHpaXkeHHYI0 B IJaBe 3, O
TOM, YTO CKOPOCTb MECTHBHIX UacoB, PaBHY p = /—goo =~ 1 —
- %hoo, MOXHO OTOXAEGCTBHTb C IPABHTALUHOHHLIM NOTEHLHAJIOM,

(3.18) (ecTecTBenyo, 663 afIUTHBHON NOCTOAHHOI).
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[Tycte Tenepb T), — TeH30p HANpPSKEHHOCTH IHEPTHH-HM-
nyabca; Tyy = —Tpo — NAOTHOCTH MacChi—3HEPrHH, A MOCKOJb-
Ky B HalleH CHCTeMe KOOpAMHAT pasHHLell MeX1y KOoBapYaHTHOH
TIPOM3BOJHONA W OGLIYHBIMH TTPOH3BOAHBLIMH MOXKHO npeHebpeub, TO
ypasHeHHe (1.26) 11 coXpaHeHHs SHEPrHH—HMNYAbca PHHUMaeT
BHA

D, T, =0. (7.12)

B npyrux cucreMax KOOpPAHHAT 3TO ypaBHeHHe OT/IMYAETCH OT
OGLIYHOr0 3aKOHA COXpaHeHUs SHeprui—HUMNYNLCA, MOCKOJbKY rpa-
BATALHOHHbLIE NOJISE MOT'YT YHOCHTbL SHEPrHI0 H UMMYJbC; BeJIHYH-
Ha T}, c KOTOPO# MH HMeeM Jiejo ceifuac, GyleT o3HauaTh Bce-
TO JIHIlIb BKJIaA 3Be3[ K NJaHeT, a He UX IpaBHTALHOHHBIE TOJISI.
Teneps U3 HBLIOTOHOBBLIX ypaBHeHWH AJS1 Me[JIEHHO IBHXKYLLErocs
BellleCcTBa cJlefyeT:

[ = —T'0 = ~8;V(z) = %aihOO;
a‘iri = ‘47|'GNT44 = 471'GNT00; (7.13)
8%hgo = 87G N Too.

3anvweM 3TH ypaBHeHMS B T4KOM BHie, YTOObl OHH CTaJH
HHBapHaHTHLIMK TNPH Tpeobpa3oBaHHH KOOPAMHAT OGLIEro BUAa.
B Teopuy OTHOCHTENBLHOCTH 3TO OueHb BaXKHHH MoMeHT. BmecTto
YCJIOBHS 3aBHCHMOCTH COCTaBNAIOWHX T),,, OT oNpenesieHHbIX yacT-
HBEIX NPOU3BOAHBIX NMOAS cBSI3HOCTH I' TpeGyeTcs MONYYHTL 3aBHU-
CHMOCTb MeXJy KOBapHaHTHLIMH TeH30DaMH. SIBHLIM KOBapHaHT-
HEIM TEH30pOM ABASieTCS NJJOTHOCTL IHEPTHH~UMNYJIbCa BelllecTsa,
T, yhoBreTBopsilolias ypaBHenuio (7.12). EnuHcTBeHHBIMM KO-
BapHAaHTHHIMH TEH30PaMH, KOTOpHe MOXHO MOAYYHTh u3 (7.13),
aBAfIOTCA Tensop Puuuu, R,,, n ckandp R. JIBa He3aBHCHMBIX
KOMIOHEeHTa, KOTOpble MpH MPOCTPaHCTBEHHONOAOGHOM BpallleHHH
SIBJSIIOTCS CKaJiIpaMu, NipefcTaBiedb GopMy/aMu

Roo = ~£8hoo; (AT
R = 83;0;hij + 82(hoo — has). (7.15)
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B TakoM BHAe 3TH ypaBHeHHs MO3BOJASIOT NMPEATNOJOXKHTH C
BLICOKOH CTeNEHbIO NOCTOBEePHOCTH HAJHYHE 3aBUCHMOCTH MEXIY
TeHsopaMH T, ¥ R, 00HaKO 3[eCb CefyeT NPOsiBHTb OCTOPOXK-
HocTb. YpaBHeHHe (7.15) Hcmonb30BaTh Hesb3s, NOCKOJALKY anpH-
OpH HEefICHO, MOXHO JIH NpeHeGpeyb NPOCTPAHCTBEHHONOA0GHBIMU
KOMMoHeHTaMH h;; (Hesb3s). CaMbIM OGIIMM TEH30PHBIM COOTHO-
IleHHeM TAKOTO THIA, KOTOPOrO MOXKHO OXKHAATh, MOXKET GhiTh

R,, = AT,, + Bg,, T, (7.16)

rne AuB — KOHCTaHTbl, KOTOpLIe MOAJeXAaT ONpeleseHHio. HpH
3TOM cCJiel TeH30pa SHePruu—-HMINyJsbCca B HEPeJSTHBUCTCKOM NPH-
GJHXeHHH ONMHUCHhIBaeTCHa KakK

T> = ~Too + T, (7.17)

o

NO3TOMY C lle/Ibio cpaBreHHs ¢ (7.13) xomnoHeHTy 00 MOXHO 3a-
fincaTh B BRIE
= - 15hgy = B)Tyo — BT,
Roo—-—-2- 00 = (A + B)Too — BT, (7.18)
BaxHo yuyecTb, 4yTO B HBLIOTOHOBCKOM mnpefee ujed Ty (naple-
HHe p) obpalliaeTcs B HYyJb, H He TOJBKO NOTOMY, YTO JaBjeHHe
00bIYHOrO (HepeJSATHBUCTCKOrO) BelllecTBa OYeHbL MaJlo, HO TaKKe

W NOTOMY, 4YTO OH, ABJAFACH xapaKTepnchoﬁ HCTOYHHKA, ycpen-
HAeTCd A0 HyJs. Jas CTAaUHOHAPHOTO cayuasd Mbl HMeeM

0=08,T,; = 8,Ts, (7.19)
gi—l /Tu de?dz® = — /d:c2 dz®(8;To1 + 3T31) =0, (7.20)

H, CJIeAOBaTeNbHO, €CJIH Hall MCTOYHHMK OKpYXXeH B2KYYMOM, Mbi
ROJXKHbI HMETb

/Tndﬁl]zdﬂ,‘s =0———'/‘d3.i‘T11 =0,
(7.21)
M TaKHM Xe 06pasoM / d*EToy = / d3%Ts3 = 0.
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Ypaeueuus (7.18) u (7.13) pawt HaMm HeyTelUHTeAbHO MAJIO:
A+ B =-4nGy. (7.22)

K cyacTsio, 370 He Best HHGMOPMALMS, KOTOPOi Mbi pacriona-
raeM. Cnen (7.16) pasen R = (A + 4B)Tg. Bennunna G,, B
ypaBHeHHH (6.35) ¢ yueToM 3TOro GyfeT uMeTh BHJ

G = AT — (A + B) TS G, (7.23)

a MOCKOJIBKY B HallleM pacnopsiKeHUH HMEeTCsl U TOXAECTBO BbsH-
KM (6.35), u 3aKoH coxpaHeHHs 3uepruu (7.12), moayyaeM (c mo-
MOIL(bI0 BHIOM3MEHEHHOr0 NpaBUia CYyMMHpOBauus, (6.33))

D,.G,, =0; D,T,, =0; creqosatenbHo, (-QI-A + B)8,(T2) = 0.

(7.24)
Tenepr B cneme TeHsopa 3SHeprHH-uMIyJbca T.& ROMHHHDY-
eT —Tpo. B 0BleM H LeIOM ero Hesib3s CUMTATh He 3aBHCALIMM OT
npocTpaHcTBa H BpemeHH. [losToMy Hawa Teopusi 6bijia 6B HECo-
cTosiTesIbHOIl Ge3 yyera (7.22):

B= —%A; A= ~8Gy. (7.25)

MEl NpULIH K BBIBOAY, UTO €MHCTBEHHBIM TEH30PHLIM YPABHEHH-
eM, COTNIaCyIOIHUMCs ¢ ypaBHeHHeM HbloToHa A48 JIOKaJbHO TLIOC-
KON CHCTeMbl KOODIHHAT, ABJSETCH ypaBHeHHe

Ry — R = ~87GN T, (7.26)
Tlie 3HaK TEH30p2 SHEPTHU—HMIYJbCa ONpelessieTcss ypaBHeHHeM
Tyu=-~Too=Tg =p (7.27)

(p — MIOTHOCTL SHEPTHH). DTO ¥ eCTb 3HAMEHHTHIN 3aKOH THATO-
TeHUs! DifHIuTeliHa. VI3 npuHWMNa 5KBHBAJIEHTHOCTH CAENyeT, YTO
eCJIM 3TOT 3aKOH CNpaBefJIMB B JIOKaJbHO TJIOCKOH CHeTeMe Ko-
OPLWHAT, TO OH HOJKeH OCTaBaThcsl CMPaBeMVIHBHIM H B JI060i
LpYyroil CHCTeMe KOOPIHHAT.
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[Tocko/ibKy H JieBast, W MpaBasi yacTH (7.26) cCUMMETPHUHH
NpH MepecTaHOBKe MHAEKCOB, TO Mbl HMeeM 10 ypaBHeHui. Mul
3HaeM, OIHAKO, UTQ 06e YacTy NMOJUHHSIOTCH 3aKOHY COXpaHeHHs

D,G,. =0. (7.28)

Taknm o6pasoM, 4 ypaBHeHMS BHINONHSIOTCS aBTOMaTHYECKH.
Ocraetcs 6 HeTpuBUaNbHEIX ypaBHeHHi. OHH LOMKHLI OMpefensTh
10 KOMMOHEHT MeTpHUECKOro TE€H30pa gy, M03TOMY MOXHO OXH-
JaTb OCTAaTO4HOH cBOGOAM 4 ypaBHeHHH. JleficTBHTeIBHO, KOOPAHU-
HaTHEIe NPea6pa3oBaHHA [IOKa He OTpefleNleHbl, 2 BCETO B HAMHUHK
4 xoopauHathl. IlpH Takom crnocoe pacuera cTeneHell CBOGOMIbI
BO3HHKaeT HCKYIUeHHe NpH3HaTh, YTO B CaMOM feJle TpaBHTALH-
OHHble YpaBHeHWst JiHiliTeliHa ORHO3HAUHO ONpefesioT METPHKY
NpOCTpaHCTBa—~BpeMeHH (32 MCKJIIOUeHHeM KOODAHHATHLIX Mpeob-
Pa3oBaHHit) U MOTYT 3aMeHUThb 3aKOH BCeMUpPHOTo TaroTeHHs Hewo-
ToHa. OfHaKo clefyeT NPOSBUTL UPEe3BLIUAHHYI0 OCTOPOXKHOCTS €
apryMeHTaMH Takoro pofia. B caenyiwollleit raBe Mbl MoOKaskiBaeM
CBA3b 5THX YpaBHeHHH C MPHHUKNOM HaWMeHbLIEro AeHCTBHA —
TaK Jerue yGeAMTLCA BO BHYTPEHHEH HeNpOTHBOPEUHBOCTH JaH-
HbIX ypaBHeHH#. PyHIaMeHTANbHEIE TPYAHOCTH M0KA elle TOJHO-
CTbIO He pa3pellleHbl, 0CO6eHHO OTHOCHTEJIbHO BO3MOXKHOTO TOSIB-
Jieusl CHHTYASiPHOCTEH B pellleHHsX.
OGpaTtiM BHHMaHHUe, 4TO H3 (7.26) cienyer

. L1
87rGNT;j =R; Ry =-8aGN(T,, — §T;“g,“,), (7.29)
OTCI0[a, B TeX 4acTAX NPOCTPAHCTBAa-BPEMEHH, Tle OTCYTCTBYeT
BELECTBO, Mbl UMeeM
Ry, =0, (7.30)
OIHaKO MOJIHBLIA TeH30p PuMaHa R"g.ﬂ; He cBeJleTCd K HYJIO.
Tensop Betins onpenensiloT BblYMTaHHEM ONpefieeHHOH Ya-

CTH U3 Ragys TaKMM 06pa3oM, 4TOGbl CBEPTKH Mo Ji060i nape
HH/IEKCOB NABaJH HYJlb:

CaB'y5 = Raﬁ-yé + %[gaéR'yﬁ + gﬂ’yRaé + %Rga‘ygﬁé - (’Y R 6)]
(7.31)
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B stoit koncTpyKuHn C,pys 0ONafaeT TAKHMMH 2Ke CBOACTBaMH
CHUMMeTPHH, uTo U (5.26), (5.29) u (6.29), a, kpome Toro,

CH gy = 0. (7.32)

Ecny BHHMaTe/IbHO COCUMTATh YHCJIO HE3aBHCHMBIX KOMIIOHEHT, TO
MOXCHO YCTaHOBHTb, YTO B 3alaHHOH TouKe = R,g,s MMeeT 20 cTe-
neHeit cBOGOAH, &8 R, n Chpys — KaXablit no 10.

Kocmoaorndeckas TocTosiBHAA

Mel yGefiuaiuch, uTo ypaBHeHHe (7.26) MOXHO BblBECTH OfI-
HO3HAYHO: eCJIH Mbl yTBepXKAaeM, YTO CTpaBelJIMBHl U TMPaBHJIO
3KBUBAJIEHTHOCTH, U HBIOTOHOB Npefies, To B (7.26) HeT MecTa ajs
nonpaBouYHbIX YjeHos. ONHAKO, eciy MO3BOJIUThL He3HAYMTeNbHOe
OTKJIOHEHHE OT 3aKoHa HbioTOHA, TO MOXHO AOMYCTHTh BBeeHHe
ele ofHoro uneHa. Iomumo (7.28) Mbl Takke HMeeM

D,g,. =0, (7.33)

No3TOMy Md)KHo 3aMenuth (7.26) ypaBHeHUeM
Ry ~ 2Rgu + Mgy = ~87GNT, (7.34)

rie A — nocrosiHHag BCeNleHHOH ¢ OueHb He3HauMTeJbHLIM UHC-
JIeHHBIM 3HaueHHeM, HashiBaeMas KOCMOAOZULECKOL NOCMOSHHOL.
ITOT HOMONHHTENbHEII Y/SeH MOKHO CUHTATE «ePEHOPMUPOBKOLI»;

0T X Guu, (7.35)

B HeMm yuuTbiBaeTCH uacTb OCTATOYHOM 3HEpPrHH M JaBJIeHHs B
BakyyMe. Bnepsble DiHWTe#H BBeJ 3TOT YJleH, PacCUMTHIBAs Ha
NoNyYyeHHe MHTEPECHLIX pelleHHii, 0QHAKOo No3JHee OH «coXKaJdes
0 coflesHHOM». [laxe ecnu W CylleCTByeT oCTaTouHoe TpaBHTa-
LIHOHHOE TI0JIe, H3JlyyaeMOe BaKyYyMOM, OHO JOJKHO OBITb ypes-
BbIUA#HO cJabuiM. [liuTesibHOe BpeMs CUMTal0Ch, yto A = 0.
JIMib HenaBHO GbUIM TpeAcTaBleHbl BecKHe apryMeHThl B f10Jlb-
3y HaJIHYHsi OYeHb HeGOJbIIOTO MONOXKHUTENbHOTO 3HaUeHus A. Ec-
Jid NIPU3HATL BBeJeHHe QAHHOTO 4JeHa OGOCHOBAHHLIM, OCTaeTcs
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3arajlkoi, noyeMy OH JOJKeH ObiTh GiM30K K Hymio. M3 cospe-
MEeHHBEIX TEOpHH MOJIS TPYAHO MOHATH, MOUeMy B HUX MJOTHOCTDH
3HeprHH—-HMMYJ/bCa B BakKyyMe (KOTOphLIH NpeacTaBaser coGoi co-
CTOfIHME C HaMMEeHbIIHM COflepXKaHHeM IHePrHH) CBOAHUTCS K HYJIO.
[ToaToMy, HeB3Upas Ha coxaneHusi DUHIITEHA, MBI He MOXEM Of-
HO3HAyHO cKasaTh, y1o A = 0.

8. IIpuHIUN HAaUMEHbIIEro AeUCTBUS

MbI BHIEAH, YTO TPaeKTOPHS YaCTHUA B MPOCTPAHCTBE-Bpe-
MeHH B IPHCYTCTBHH IPaBUTALlHOHHOTO MOJS OMNpefensieTcss ypas-
HeHHeM /15 reofie3ndeckux (5.8). Ee MOXHO HalTH, NOCTYJIHPOBaB
YCJIOBHE, 10 KOTOPOMY BEJHYHHA

= / ds npu (ds)* = —g,, dz* dz¥, (8.1)

MpH HaMHYHH GeCKOHEUHO MaJsblX cMellleHuil z#(t) — z#(r) +
+ dx#(7) cTannoHapHa:
5 =0. (8.2)

370 NpuMep NPHHLMINA HAHMEeHbLIero 1eHCTBUS, Iie £ — HauMeHb-
lee NIEHCTBHE, KOTOPOe OCYLLECTBAALT YacTHLA NpH ABHIKEHHHU TIO
cBoelt op6ute. [IpeuMyulecTBo 3ITOTO0 3aKOHA ACHCTBHS — B €ro
npoctoTe. K ToMy e, BhIpaXKeHUs A/l HETO MMeIOT ABHO KOBApH-
aHTHYIO (DOPMY, H Mbl Cpa3y e BHIHM, UTO HX pe3yAbTaThl GyAyT
OJMHAKOBHIMH A/ M0G0 CHCTeMb! KOOpAHHAT. KpoMe Toro, npH
HCIIOJNL30BAHUH 9TOrO MPUHLHIA BeChMa BepOSITHO CYuiecmsosa-
Hue peilienuii (8.2), ocoGeHHO orpaHHUEHHbIX pelleHHH . Hampu-
Mep, I GONBIUHHCTBA BPEMEHUITOAOOHBIX KPHBLIX £ ABasieTcs ab-
COJIIOTHBIM MaKCHMYMOM.

Ilyers
« det(gu.). (8.3)

PaccMoTpuM B HeKOTOpoM o6beMe V' yeTHIpeXMepHOro mpocTpaH-
CTBa TaK HasbiBaeMoe jJeHicTBHe DjiHwTelina - [uabbepra:

I= / V—gRd'z, (8.4)

v
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rae R — ckansip Puuun (6.32). B rnasax 4 # 6 Mbl BHJeaH, yTo
B NPUCYTCTBHUY MHOXHTENS /—g HHTerpas (8.4) mpy Koopaunat-
HBIX NIpeo6pa3oBaHUSX HHBaPHAHTEH, OIHAKO, €CNH MBl COXPaHHM
V' KOHeYHBIM, TO, HeCOMHEHHO, I'PaHHLa J0J)KHa OCTaThea Ge3 Us-
MeHeHHt. PaccMOTpUM Tenepb GeCKOHEUHO MaJjloe H3MeHeHHe MeT-
PHUECKOro TeH30pa g, :

g/.w = guv + 59;“/, (85)

TaK, 4ToGhl g, U ee NepBhle NPONU3BOLHbIE HA TpaHHLE ¢ V obpa-
THIUCH B HY/Mb. M3amexenne TeHsopa Puyyu R, 1o Huswero no-
psiaka g, 3ajaeTcs ypaBHeHHeM

Ru = Ruy + 5 (~D6gu, + DaDyibg2+

+ DoD.ég;; — D,D,dg%), (8.6)
e HaMM NPHHSATO, UTO U 69y, U R, IA-'EH,, M3MEHSIIOTCS KaK HC-
THHHBIE TEH30PH, C TeM, YTOGH! Bce Te KoadHLMenTr I', KoTophle
NoNyuaoTcs B pesyasTaTe pasnoxeus Ry, (cM. (5.27)) coue-
TalucCh Gbl C MPOM3BOAHLIMU gy, TakKWM 06pa3oM, yToGhbl 06Gpa-
30BaTh KOBAapHaHTHbIE NPOU3BOAHMIE, MOA06HbE D,Dgdg,, . Ecau
YAacTCd 3TO peasin3oBaTh, To (8.6) Jerko BhBECTH, BLIGPAB CUCTe-
MY KOOpAHMHAT, rjie B 3ajaHHON TouKe x addHHHasi cBS3HOCTL T
ofpaliaeTcs B HYJb.

Ynpamxuenne. Buisenute (8.6).
Kpome Toro, Mbl uMeem
g =gt — g™ (8.7)
Orcioga, yuHTHIBas, 4TO R = ‘Zj"”ﬁ,,,,, nonyuaem
R=R— R,69" +(D.D,6g" — D*5g%). (8.8)
Hakonell '
g = g(1+dg,); (8.9)
V=5 = V=g(1+ £862). (8.10)
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Taknum o6pasom niis u3MeHeHHs! HHTerpana I BClefcTBHe HaMeHe-
Hus (8.5) Haxogum

I=1+ / v=g(—R* + 1Rg‘“’)dg;w+
/ V=9(DuDy — g, D*)6g*.  (8.11)

OnHako
vV—9D X" = 8,(v/—9X*), (8.12)

a, CllefloBaTe bHO, BTOpast nojoBHHa B (8.11) sBnsercs uuTerpa-
JIOM YHCTOH NPOH3BOLHOM, @ NOCKONLKY Mbl CUHTaeM, 4To 8g,,, (¢
ee NpOH3BOJIHbIE) HA TpaHHUe o0pallaeTcs B HYMb, TO M BTOpas
noJiopuHa (8.11) o6paimaercs B Hy/lb. TakuM 06pasoM, HaXOXHM

6 = — / V=gG*bg,,, (8.13)
\ %

raie G, onpegenena B (6.35). OGpaTHTe BHMMaHHe, UTO B 3THX
NPOM3BOAHBIX Mbl HCMOJL30BAAH KaK HHXHHe, TaK H BepXHHe HH-
Aekewl. Jluib B (8.12) HMeeT 3HaueHHe, UTo X # ABAgETCA KOHTPa-
BEKTOPOM, TIOCKOJIbKY B LIeJIsIX BO3MOXKCHOCTH NIPOBEfieHHs HHTErpH-
POBaHHS MO YacTAM Mbl HaCTaUBaeM Ha NPHMEHeHHH OOHIYHOH, a
He KOBapHaHTHOi Npou3BoiHoit. [Ipu 3TOM HHTerpHpoBaHHKe Mo Ya-
CTAIM ¢ NpHMeHeHHeM KOBaPHAHTHBIX MPOH3BOLHBIX YLAeTCsl XOpo-
140, eC/i¥ MHOKHUTeAb /—¢g HaXOOWTCs BHYTPU HHTErpasia HMEHHO
B TOM [OJIOXKEHHH KaK NOoKa3aHo.

B coorBercTBHH ¢ (8.13) 3fiHIITEHHOBL YpaBHEHHS AJIS BAKY-~
yma, G, = 0, 3KBHBaNeHTHbl TPeGOBAHHUIO

§I=0 (8.14)

AJ17 BCeX MJIaBHLIX H3MeHeHHH dg,, (z). B nupeanayuieit rnase Gui-
JI0 BbICKA32HO NpefnoioxKeHHe o CBA3H MeXAY cBoGoLOH B BHOOpe
KaMGPOBKH KOOPAMHAT C ORHOH CTOPOHBI, H 3aKOHOM COXPaHeHHs
(toxpectBo Branku) ana G, — ¢ Apyroi. OCTaHOBHMCS Ha 3TOM
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nonpoGuee. [Ing no6oi cHCTEMBI, faXe ec/d OHA He NOoAUYHHSEeTCS
SUHWTEHHOBLIM YpaBHEeHHsIM, I npu GECKOHEYHO MajbiX KOOpAH-
HaTHBIX MpeoOpa3oBaHUsX GyAeT HHBapPHAHTHBIM:

¥ =¥ + vt (),

o7 8
Gu(z) = Zu gzygaﬁ(w);

(8.15)
9ap(E) = gap(x) + utBrgaps(z) + O(u?);

o9z«

o =0 U + O(u?),

T. €.

G (T) = Guv + u%0agpw + 9o, Uy + guat® p + O(u2). (8.186)

Takas KoMOHHaLMS aeT TONLKO KOBApUAHMHbLE IPOU3BONHBIE U™,
U B aTOM ciiyuae npHYHHA CHOBA B TOM, YTO BCE OCTaJbHbIE TEH30-
Pbl B 3TOM YPaBHEHHH ABJAIOTCS MCTHHHBIMH TEH30PaMH, H HeKo-

BapHaHTHble MPOU3BOAHbBIE 3alipellieHH. OTCloga HaxolHM, UTO M3-
MEHeHHue B g,,, HMeeT BHA

v = Gu + DHUV + D,,u,t. (817)

IIpu 3ToM I Bcerga ocraeTcsi MHBapHaHTHEIM
I= —2/\/—gG""D“u,, =0 (8.18)

Anst moGoro 3HadeHus u, (z). Ilocne nurerpupoanus no uactam
CTAHOBUTCH fICHO, UTO YpaBHeHHe

V—9u,D,G* =0 (8.19)

BLIMOJIHSAETCS aBTOMATHUECKH NPU BCex 3Hauenmsax u,(z). [Tosto-
My BCerja aBTOMATHUYECKH BHINOJHfeTcS H TO)KlleCTBO Bbaxku
D,G,, =0, (6.35).

TlpHHUMA ReHCTBHS MOXKHO PaCTIpoCTPaHHTh 1 Ha CJlyuait IIpH-
CyTCTBHA MaTephH. Bo3bMeM, Hanpumep, ckansiphbie noas ().



8. flpunyun naumenswiezo delcmsus 55

B 06bI4HOM MAOCKOM APOCTPaHCTBe~BpeMeHH OHH MOAYHHSIIOTCS
ypaBHeHH10 KieiiHa - oprona:

(0% —m?)¢p = 0. (8.20)

Has TPAaBHTAUHOHHOTO MOJNS X HAaAJIEXHT 3aMeHHTb KOBapHWaHT-
HbIM YpaBHeHHeM:

(D? —m?)p = (¢""DuD, — m*)$ = 0. (8.21)

HetpynHxo nposepuTs, 4T0 3T0 ypaBHeHHe TaKKe [0JMy4YHTCS M NpH
YCJOBHH

57 =0,
7=1 [VFsataent ~mtyg = (5.22)
- / V= (-4 (Du9)? - Lme?)

AN BCeX GeCKOHEYHO MaJjhiX H3MeHeHHH ¢ B ¢. (3aMeTHM, yTo
(8.21) BbiTekaer ¥3 (8.22) npH MHTErpUpPOBaHHH MO YacTsM, pas-
peleHHOM 1Sl KOBADHAHTHLIX NPOMH3BOAHLIX B NPHCYTCTBHUH UJjleHa
v=9)

Tenepb paccMoTpuM cymmy

S = gt = [ vtk ~ LDugr - Lme?),
v

167G 167G N
(8.23)
A BCIIOMHHM, 4YTO

(D) = g* 8,0 8,9 (8.24)

Torpa Bapuauws ¢ nact ofmyHOe ypasHende Kneiina-Topaona
(8.21) nnsi ¢. FameHeHHe Xe B g, HaeT

— — A _G* 1n Vo
6S’~/\/—gda:( gy T gD e D"
Vv

- %((Dm)z + m2¢2)g“")5g,,,,. (8.25)
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Takum 06pa3oM, Mbl MeeMm
G* = —-8xrGNTH, (8.26)

€CJIN 3aluiueM
T =Dy Dy + %((Daqb)Q + 2% G- (8.27)

Teneps, nocko/bky BenHuHHa J mpy KOOpAMHATHHLIX npeobpa3oBa-
HHAX MHBapHaHTHa, (8.15), oHa HOMXKHa nopuMBATHCS YpaBHEHHIO
HenpepbIBHOCTH, Takxke Kak (8.18), (8.19):

DT, =0, (8.28)

B To e BpeMs Mbl MMeeM ypaBHeHHe

Tus = 5(D¢)* + gm¢ + L(Dog)? = #(z),  (829)

KOTOpOe MOXXHO Ha3BaTh ypaBHeHHEM IJIOTHOCTH IHEPTHH A4 Mo-
ast ¢. Tak Kak KoMIoHeHTHl {i0} U3 (8.28) 10JKHBI TIPeACTAB/STH
MOTOK 3HEPTHH, HHaye roBoPsl, — MAOTHOCTL HMIYbCA, @ H3 3TOTO
creflyer, uTo jaHHas BeanyyHa Ty, JoJKHa B TOUHOCTH COBNAaTh
C OOLIUHOH TIIOTHOCTLIO HEPrHH-HUMMYJbca st CKaJsSpPHOTO Mo-
As. B 3aknioueHHe ckaxeM, YTO ec/id BHINOJIHSIeTCH, K TOMY Xe,
ycJioBre obpauieHust (8.25) B Hy/ib npH JII0GHIX GECKOHEYHO MaJbiX
H3MEeHEHHAX B gy, TO Mbl NOJNY4HUM N10-HACTOAEMY KODpPEeKTHbIE
ypaBHeHHus DitHwTelHa (8.26).

HakoHeu, B ypaBHeHHH HauMeHbLIEro AeiiCTBHS HalijeTcs Me-
CTO H JI KOCMOJIOIHUECKOTO YJieHa:

R R—-2A 1 p 2,92
S = \/' " -1 - —m ) 8.30
3TOT fpHMep CO CKaNSPHBIM TIOJNEM ¢ MOXKHO Cpasy Xe pacrpo-
CTPaHWThb H Ha Jpyrde BHAbl MaTepuH, Hanpumep, Apyrue foJs,
noJis ¢ JONOJHUTENbHEIMH yJeHaMd, XapaKTepusyloLIMMHK B3au-
MOZReHCTBHe (THNA A@?), 3/eKTpoMarHeTHaM M faxke XHAKOCTH
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cBoGONHbIe MaTepHalibHble TOUKH. [IpH 3TOM Bce, UTO HaMm st 3To-
ro norpebyercsi, — 3T0 KJlaccHueckoe JeficTBUe S, KOTOpoe HaMu
TepernncaHo B KOBAPHAHTHOH dopMe: Sm = [ \/=¢g%L:,, H KOTOpOE
Mbl OTONHAAEM HaHMEHbLIUM JeHCTBHeM DifHLITelHa ~ [Hab6epTa:

s =/\/—_g(f—67-‘rév4 + ). (8.31)
14

Yacro caaraemoe A 6ynet onyckarbes. Kpome Toro, ecau He 6yget
yKasaHo HHaue, TO Al KpaTKOCTH UieH [ d*z GyaeT o603HauaThes
CHMBOJIOM HHTerpaJa.

9. CnenmanbHble KOOPIMHATHI

[Ipensinynive riaBbl HHKaK He OrpaHMuYMBaNy BHIGOP CHCTe-
Mbl KoopauHat. KaXnuifi BHOOpP IKBHBajleHTeH J060MY ApYro-
My ([IpH YCJOBHH OHO3HAUHOTO ¥ LUP(EepeHLHPYEMOro cooTBeT-
cTBHs). MHBapHaHTHOCTD MOJIHOCTLIO rapaHTHpoBafack. OfHAKO, B
cJ1yuae HeoOX0AMMOCTH NMOAPOGHOro pacueTa CBOHCTB KaKOro-lnu6o
KOHKPETHOT0 pellieHHsl, HalpHMep, NIpOCTPAHCTBA—BPEMEHH, OKpPY-
JKAoILero MaTepHalbHYI0 TOUKY, HJH UCTODHH BCEJIEHHOH, BLIGOD
Heus6exeH. I[locKobKY npH BEIGOpe KOOPAHHAT Mbl MMeEeM yeThipe
CTelleHH CBOGO/b, MOXHO CcHOPMYNHpOBaTh 4 OGUIHX YPaBHEHHS,
a 3aTeM MOMLITATHCS BHIGPATh HALUM KOOPAMHATH TAKHM 0Gpa3oM,
4TOOB OHM NOAYMHAJNIHCHL 3THM YpaBHEeHHSIM. Takue ypaBHeHHs
Ha3biBAT «KaJMOPOBOUHLIMH YycnOBUSIMH». EcTecTBenHo, caeny-
€T BbIGHPaTh KaJdGPOBOUHbIE YCJOBUS TAKHMH, YTOGH JIETKO 6bLI0
HalTH Croco6 MOAYMHEHHS HM ¥ MOKa3aTh, UTO KOOPAWHATH, NMoA-
YHHSIOUHeCS ITHM YpaBHEHHUAM, CyLlecTBYIOT. PaccMOTpHM psin
NpHUMepoB.

1). «BpemeHHas kanu6poBka». BriGepem

goo = —1; 9.1
go; 0 (Z = l, 2, 3) (92)

1

Ha nepBbiil B3risn Kaercsl, yTo AOGUTLCS MONUHHEHHS 3THM
YpaBHEHUSIM COBCEM HeC/]0XHO. EclH B TPOU3BOJILHOH CHCTeMe



58 m’ Xoogm

KoopiHaT ypaBHenus (9.1) u (9.2) HecnpaBelJHBBI, WX HYXHO
3anucaTh B BUJE;

900 = goo + 2Dpug = —1, (9.3)
90i = goi + Djug + Dou; = 0. (9.4)

DyHKIHA up(Z, t) MOXHO onpenenutb no (9.3) nyteM HHTerpH-
poBanus (9.3) no BpeMmeHH, nocie yero, udterpupys (9.4) ordo-
CHTeJIbHO BPEMEHH, MOXHO HalTH u,;. 3ateM, npuMeHus (8.17),
Mbl YBUAUM, UTO Tg,,(z — u) noguuHsietrca ypasHedusm (9.1) u
(9.2) ¢ TouHOCTBIO IO caTaeMBIX nopsafka (u)? (clenyeT ydecTs,
uto (9.3) ¥ (9.4) COOTBETCTBYIOT KOOPAMHATHBIM Npeo6pasoBaHu-
M, JIHLIL B TOM C/yyae, ecid u — GeCKOHEYHO Majasi BeJH4YKHa).
TlyTem ¥TepauuH MOXHO ROGHTLCA MOJy4eHHs GoMbiledl TOUHOCTH
nofuHHEHHs ypaBHeHHsM (9.1) u (9.2). A BOT yaacTcs Ju AOCTHUL
CXOAMMOCTH MpPH HTepaltuH? B onucbiBaeMBHIX HAMH CHCTEMaX Koop-
AMHAT FPAaBHTALMOHHOrO NOAs HET (HCKPHBJAEHO TONLKO NIPOCTPaH-
CTBO, HO He NPOCTPAaHCTBO-BpeMsi); TAaKMM 0GpasoM, BCe JHHHH
BUAa Z(t) = const, GaKTHYECKH ABJASIOTCHA TEOJeaHYeCKUMH, YTO
aerko npoeeputh (B (5.8), gy = 0). CrenosaTenbHo, JaHHbIe
CHCTeMbl KOOPAHHAT ABJSIOTCS KOODAHHATaMH «CBOGOLHOIO Najie-
HHsI», OHAKO CBOOOAHO Najaioillie 06beKTH GYAyT, €CTeCTBEHHO,
HMETb CBOH OPOMTH, a MO3TOMY JIUGO OHU GYRYT OTKAOHATHLCS APYT
OT Apyra, JHOO — CTalKUBaTbcsl. B TaKHe MOMEHTH 3TH CHCTeMBI
KOOP/IMHAT OYAYT reHepHPORaTh CHHIYNSPHOCTH.
2) Kanu6poska:
Ougu = 0. (9.5)

[IpenMyllecTBO 3TOro KanuGpOBOUHOLO ypaBHeHHsi — ero Jo-
PeHIl-UHBAPHAHTHOCTb, YPaBHEHHS /IS GeCKOHEUHO Masoro u,
NpyHo6peTanT BUA

au‘g;w = OpQuy + B;LD;;,UV + 8#DVU'# = 0. (96)

(3nech 0cobo TIATENbHO CNEAYET pa3fe]aTh OGHUHbIE H KOBAPH-
aHTHHIe 1poussofHble!) [Ipy nTepauUu cHauana Noay4YHM pelleHHte
A1 O,u,. [lycts 8, meiictByet Ha (9.6):

20%0,u, + 8,0,,,, = BHICWIHE MOPALKH, (9.7)
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nocne yero
8%u, = —0uguv — 0, (8yu,) + BBICLUKE NOPALKHK. (9.8)

310 ypasnuenus J{’Anambepa, pelleHHs KOTOPHIX MeHee CHHIYAsip-
Hel, yeM (9.3) u (9.4).

3) Bonee u3sWHbIT BHIOOp — 2apmoOru4ecKas Kaiubposka
WK Kaaubposka 0e Loxde:

gﬂurl\pv =0. (99)

KoopauHaTsi, MOAUHHAIOUIHECS ITOMY YC/IOBHIO, HA3HIBAIOT FapMoO-

HHYECKHMH 110 C/eyIOUWHM NpHYHHaM. PacCMOTPHM cKkarspHoe
nojye V', noguuHsoueecs

D*V =0 wan (9.10)

" (0,0,V ~T* V) =0. (9.11)

Teneps BhiGepeM ueThipe koopauHats ! -4, KoTophe NORYMHS-

I0TCA 3TOMY ypaBHeHHI0. 3aMeTHM, YTO 3TH ypaBHEHHA He ABAf-

I0TCA KOBAaPMAHTHBIMH, NIOCKOJILKY HHIEKC o B & 3[IECh He y4acT-

ByeT:
G (80,7% ~ T, 052%) = 0. (9.12)

Terieps, ecTecTBeHHO, B KaAUGPOBOUHOM ypaHeHUH (9.9)
0u0,2% = 0; Opa™ = 6%. (9.13)

CrenoBate/ibHo, 8 Oaumbix KoopOunamax u3 ypasHeHuit (9.12)
Oyner BoitekaThb (9.9). Ypasrenue (9.10) MoXKHO pelLHTs B 06iLEM
BHJe (BeCbMa YIauHO, YTO 3TO ypaBHehue auefino!). Jas

Guv = Ny + h;w (914)

Ipy GeCKOHEYHO MaJsioM hy. 370 KanUGPOBOUHOE ypaBHeHHE HesHa-
YHTENBHO OTIMYAETCA OT KaJHOPOBOYHOrO ypaBHerHs #2:

fuo=0,h,, ~ %a,,hw =0, (9.15)
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a npu 6eCKOHeYHO MajoOM u, Mb HMeeM

f: fo + 0%, + 0u0yuy — 0,0,u, =
= f, + *u, = 0 (c TOUHOCTHIO N0 BHICIUHX nopanxos), (9.16)

Takum o6pazom (ecTecTBEHHO) Mbl HeMOCPeNCTBEHHO MNOAyYaeM
ypaBHenue J['Anambepa gast u,. 3ameTuM Takxe, yro (9.10) npea-
cTaBJsieT coboit ypaBHeHHe Kueiina—ToproHa npu HysmeBoit Mac-
ce, KOTOpOe 3KcTpeMHaupyeT jefictBHe .J us (8.22) npu m = 0.
B atoM KanuGpoBOYHOM ypaBHEHHH HHOHHHTE3UMaJbHOE BHIpa-
KeHve aaa R, Gyzer umeTb BUA:

R, = _é_a?h,w, (9.17)

4TO YNpOULIaeT NpaKTHYeCKHe pacyeTh.

ITpuHUMD HauMeHbllero AeficTBUS ANS ypaBHeHHH DiuuTedl-

Ha MOXXHO paciiupuTh. Hanpumep, n06HThes, yTOOH KaaiGpOBOY-

HOEe yclloBHe BO3HHMKAJ0 TakXe B pe3yjbTaTe BapHalUWH TOrO XKe

 IeHCTBHS, YTO W To, KoTopoe reHepHpyeT ypaBHeHus noas. [us

9TOro CyllecTByeT HecKoJibKo crnocoGoB. [lpenrnonoxkum, 4to Ka-
NHOPOBOYHOE yC/IOBHE BhIpaXKaeTcs yepe3

fu{9as}, ) =0 (9.18)

M 4TO BCETna BO3MOXEH BhHIGOP KOOPUMHAT, NOAUMHSAIHHCA
(9.18). Toraa x nHBapHaHTHOMY eicTBHIO (8.23), KOTOpOe Mbl Ha-
30BeM Syuus, MOXKHO NIPHOABHTh

Sxamucp = /v —g/\“(z)fp(g, ) d4-777 (9.19)
Snonu = Syus + SKa.nn6p7 (9.20)

rae A*(z) — HoBan ZMHaMWuecKas NepeMeHHas, Ha3biBaeMas MHO-
wumenem Jlazpanxnca. Bapuauns A — A+48X cpasy xe gaer (9.18)
B BHJie ypaBHeHus Ditnepa - Jlarpanxa. OfHako MOXHO paccMoOT-
peTh KaK BapualHI0 U KaluOpoBOoYHOe Npeobpas3oBakue:

§,w(93) = Ea,piﬂ,ugaﬁ(i(z))' (921)
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Torna
88 = 0, (9.22)

6SK31|I16p = /)\“ 5f,; ; 0. (9.23)

HonycTum Teneps, 4To CyllecTByeT KaauGpoBoUHoe Mpeo6pasoBa-
HHe, pawlee

8fulz) = 826(z — V) (9.24)
aas noboro BeGopa Touku z(Y) ¥ MHuekca a. dto M GymeT Ao-
fyuleHHem O TOM, YTO NPH JWOGHX OGCTOATENLCTBAX CYLIECTBY-
eT KanubGpOBOYHOE MpeoGpasoBaHue, KOTOPOe CBOJHUT f, K HYJMO.
B atom cayuae ypaBHeHHe Jitsepa — JlarpaHKa NokasslBaeT, uTo

5SKanu6p = )\Q(I(l)) i )\a(l‘(l)) =0. (9.25)

[lpu 3TOM BCe NpouMe BapHALUH g,,, KOTOPble He SBASIOTCA KOOp-
AHHATHBIMH NpeoGpa3oBAHUAMH, JAIOT OOHIYHbIE YpaBHEHUS, ONH-
CaHHble B NpelblAYlieil riage.

Texnnueckas netaib: yacto (9.24) HEBO3MOXHO peanH30BaTh
nocpeiCTBOM KaAHOPOBOYHHX NpeoGpasoBaHUil, KOTOpLIE Ha Ipa-
Hule Beiofy oOpawialoTest B Hyab. M3 a3Toro Moxer caefoBats, uto
ypaBHeHus Ditnepa - Jlarpanxa He CMOryT rapaHTHpoBaTh pellie-
HUe aist A = 0. CKopee Takoe pelueHue He GYAeT MPOTUBOPEUHTD
5THM YPaBHEHHSIM TIPH YCHOBHH, uTo A = O BbIfHUpaeTcs Kak rpa-
ruuHoe ycnoBue®. TIpu 5ToM ypaBHeHusi, reHepHpyeMble Ae/iCTBHEM
(9.20), MoryT natp pellenns aas A # 0, KoTophle clexyer oT6po-
CUTb.

10. duaekTpoMarHeTHsmM

3anuiueM JarpaHxuaH A1 ypaBHenuii MakcBeasa B suae’

£ = —iF,“,F,“, + A, (10.1)

8Ecau Ml momycTHM, uTo (9.24) Ha rpaHMlle HeCnpaBefsiuBO, TO TPaHHYHoe
ycnosue A = 0 BCe PaBHO NpUBefeT K NocToBephocTy (9.25).

906patiTe BHUMAHMe, YTO HCIIONB3YeMbie 376Ch YCIOBHME 0GO3HAUEHHS OTAH-
HaloTCst OT APYFHX, HANPHMED, NPHHATHIX B KIaCCHUYECKON 3JeKTpoauHaMuKe J]xek-
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fpH
Fo, =0,A, - 0,A,. (10.2)
JTO 03HAYaeT, uTo NpH JO60M HIMEHEHHH
A, — A, +0A, (10.3)
geficTBHe
S = / £ d*z (10.4)

B ¢Jiydae CrpaBefliMBOCTH ypaBHeHUE Makcsesia LO/MKHO GHITH
CTauuoHapHbM. JleficTBHTeIbHO, HHTErPUPOBaHHE N0 YACTAM N03-
BoJisieT YORAHTHLCS, UTO ecad JA,, Ha rpatuue obpaliaercs B HYJb,
TO

58 = / (—Fou 8,84, + J,64,) d*z = / d26A,(8,F. + J,).

(10.5)
CaesoBarenbHo (B HallKX YNPOLUEHHHIX eIHHHUAX),

8,F,, = —J,. (10.6)

Teneps nerko omucaty B3aumogeitcTBUA Noast MakcBeana ¢
rPaBHTAUHOHHLIM nosieM. CHauyasia Mbl NOJKHL clejaTh S KoBa-
PHAHTHRIM:

Smax = /d4IV ( g”aguﬁFuuFaﬁ +g‘“’J A ) (1073)

F,, =0,A, —~0,A, (Heu3sMeHeHHoe) (10.7b)
) R-—
2A
S = /\/“ 16 o ) + Soan. (10.8)

VHieKcE MOXHO NOAHUMATL WJM ONYCKaTh B COOTBETCTBHH C
OGLIYHbIMH TIpaBHJaMH. TeH30p SHepruM—UMIY/IbCa MOXKHO BbiBe-

ctH #3 (10.8) nyTem BapbHPOBaHHS OTHOCHTEIILHO gy, (M YMHOXe-
HHUS Ha 2):

Tuw = ~FuaFo® + (§FapF® = J* Aa ) G- (10.9)

CONa, KO3dGHUHEHTAMH, HanpiMep, 4. UHTaTenb MO KeNaHHK MOXET allanTHpo-
BATH NpHBEJeHHbIe 3ech BHPAXEHHS K YAOOHHM AAs Hero oGo3navenusiM. CHoBa
MoTpeyeTcs BUAOH3IMEHeHHOe NPasu/io cyMMHpoBaHHs (6.33).
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3neck J* (c BepXHHM HHIAEKCOM) — (HKCHPOBAHHLIH BHELUHHH
HcTouHHK. [1noTHOCTL 3Hepruu /s IJIOCKOTo NPOCTpaHCTBa—Bpe-
MEHH OMHUCLIBaeTCS KaK 0OLIYHO:

p =T = %(E"" + B2 — JeA,. (10.10)

MBI TaKXe BUAUM, 4TO

1) BzaumogelicTeHe nois MakcBensia ¢ TpaBUTalMel OfHO-
3Ha4yHO, HeT HH OIHOH CTeneHH CROGOAM, UTOOL HOGABHTH Ka-
KHe-JIMGO HeH3BeCTHEIe cJaraeMule.

2) IMone MakcBesaa, 9BASCh HCTOUHHKOM TPaBUTALLHOHHBIX
noJieit, CBA3aHO C HUMH TEH30POM SHEPrHH—-HMNYAbCA, KK H Nped-
110J1aranoch.

3) Oonopodroe ypaBHeHnHe B 3akoHax MakcBsesisa, KOTopoe
cnepyet u3 (10.7b),

a’yFaﬂ + aaEBy + 65F7a = 0, (1011)

oCTaeTcs HEH3MEHHbIM.
4) Bapbupyst A,, HaxoiuM, UTO HEOQHOPOJHOE ypaBHeHHe
nNpUHHUMaeT BUA

DyF,, = ¢**DoFy, = —J,, (10.12)

a NIo3ToMY NoJyyaeT BKAaR OT NoJis TaroTennss I, 1 noTeHHHa-
aa g°b. :

Yupaxuenne. [lokaxnte — ¢ nomowmsio GopManbHLIX apry-
MeHTOB U sBHO, — uTo0 (10.11) He uamennTes, ecid Mb 3aMeHHM
ero NPOH3BOAHbIE KOBAPHAHTHBIMU NIPOHIBONHLIMH.

Yupaxnenne. [lokaxure, uro (10.12) MoXKHO TakXKe 3amy-
caTb B BHIe
Ou(V=gF*) = —~\/=gJ", (10.13)
M uTo
Fu(v~gJ*) = 0. (10.14)
Takum oGpasom. /=g.J" npeicTaBisieT peanbHbii CoOXpaHSIOUIKI-

ca ToK, a u3 (10.13) BeITeKaeT, yto \/Zg feficTByeT Kak AM3JeK-
TpHYecKas NOCTOSHHAS BaKyyMa,
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11. Pemenne HIBapummanaa

YpapHenne DinwTeiina (7.26) 00aKHO 6HITh aBCOMIOTHO A0
cToBepHbiM. [Io3TOMy Goabluoe 3BayeHHe ipHOGPETaeT NOUCK TOY-
HbiX peuenuit. CaMbiM NPOCTHIM H HauGosiee 3HAUMMBIM MOXeT
ObITb pellieHHe AJIA NYCTOro MPOCTPAaHCTBA, OKPYXKAIOLIEro 3Be3ly
WIH Madety. TaM Mbl HMeeM

T,, =0. (11.1)

Ecau nniaHeta BpallaeTcs He oyedb GLICTPO, TO BO3NeHCTBHEM Ta-
KOro BpalllenHsi (KOTopoe o6si3aTesbHO CyliecTsyeT!) MOXHO Tipe-
He6peub. Kpome Toro, 0/KHa MMeTb MeCTO chepHueckas CHMMET-
pusi. BosbMeM cepuyeckue KoopAHHATHI:

0

(2% 2!, 2%, &%) = (t, 7, 0, p). (11.2)

W3 chepuueckoii cuMMeTpun Cilienyert:

go2 = go3 = g12 = 13 = gog = 0, (11.3)

a TakKxe
gas = sin® gz (11.4)

¥ CHMMeTpHs 0GpaTHMOCTH BO BpeMeHH:
go1 = 0. (11.5)

MeTpHueckni TeH30p IPH 3TOM 3afiaeTC NIHHON ds GeCKOHEeYHOo
MaJIoTO JIMHEHHOTo 3/ieMeHTa:

ds® = ~Adt* + Bdr® + Cr?(df? + r’sin®0dp?),  (11.6)

rie A, B, C SBAS10TCH NONOXKUTENbHHIMH QYyHKILUSIMH, 3aBHCSLLH-
MM TOJbKO OT 7. [lpeanonaraercs, 4To MpH 6OMLIIOM PaCCTOSHUHU
OT UCTOMHHKA

rooo; A B,C 1. (L)

[TockonbKy Mbl cBOGOAHB B BbIGOpE KOOPAHHAT, BhiGEpeM HOBYIO
KOOpAHHATY 7

7= /C(r)r, TaK uro Cr? =72 (11.8)
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Torna 6ynem HMeTh

Bir* = B(VC+ \’/_‘fic) ? 2 B g, (11.9)

B HoBo#t cHcTeMe KoopaHHAT nosiyyaem (oMycKasi ¢ 3TUX MOp THAb-
ny 7):

ds? = ~Adt® + Bdr? + r?(d§? + sin? 0 dp?), (11.10)

rie A, B — 1 npi r — oo. CHrnarypa Takoi MeTpHKH 0JXKHa
uMetk BUR (—, +, +, +), TaK uTo

A>0 u B>0. (11.11)

Teneps anst ofmux A ¥ B Mbl ROMKHB HafiTH apduHHYIO
ceusHocTb I', KoTopyio oHH nopoxaaioT. CyinecTByeT YAOOHBIH ¢
TOUKH 3pEHHSI SKOHOMHH MecTa criocob 3anucu (KOTOpbiil He OTMe-
HfeT, O[IHaKO, HEOOXOMHUMOCTH BbIIOJIHEHHSl PaCUeTOB), OCKOALKY
MHOTHE KO3(pQHIHEHTH B HeM HyJeBhle. EC/u MBI 3HaeM Bce reo-
JesHuecKkHe

4+ T# oz i =0, (11.12)

TO OHH I03BOJIAT OJHO3HAYHO ONPENeNHTh Bce KOIpduuHeHTs I
BapHalHOHHbI MPHHUHT 115 Teofle3nyecKdil ONHCHIBAeTCs KaK

0=5/ds=5/,/gw%f‘i‘f;: do, (11.13)

e o — TNPOH3BONbLHAS MapaMeTpH3aUus KpuBoi. B wecrtoit rnase
Mbl BUEJIH, UTO HCXO[IHAs KPUBAA BbIGPAHa C YC/IOBHEM PaBeHCTBa

oc=s. (11.14)

B sToM caydae kBanpaTHBIN KOpeHs GyfeT paseH eAnHULE, a (6.23)
OyLeT COOTBETCTBOBAThL BHIY

1 dx* dz¥
26/g,w Is ds ds = 0. (11.15)
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3anuigem
~At*+ B2 4+ r20% +r?sin? 0% £ o (s); 6/Fds=0. (11.16)
Toukoit o603HauaeTcs AudPepeHUHpPOBAHHE fi0 .
Buipasxenue (11.16) maer ypasuenue Jlarpauxa:

ds 8P ~ Or*”

[lpu p = 0 ono npumer U

d .
_o4f) = 18
L(-24i) =0 (11.18)
HIH a
A N
i+4 (% #)i=o. (11.19)

Tlpu cpasuenun c (11.12) Buano, yto Bee I'°,,, obpaniaorcs B HyL
33 HCKJIOYEHHEM
[0 =T%; = A'/24. (11.20)

(IUtpuxom o6osnaueHo nuddepeHikpoBatue N0 T, KosddUILH-
eHT 2 NOSIBHJICH B pe3y/bTaTe CHMMETPH3ALHW HUKHHUX HHIEKCOB
Onl) s p=1 (11.17) pacr

Blo, Ap ra r 2,92
r+231‘ +2Bt B6’ 7 sin do° =0, (11.21)

npu atom Bee [, Hynestie, Kpome

Mo = A'/2B; Ty =B'/2B;

11.22
Iy = —r/B; I'33 = —(r/B)sin? 4. ( )
Ins g =2 v 3 aHanornuuo HaxouM
T2 = =1/r; r2 = —sinfcos b,
21 22=1/ 33 (11.23)

F323 = F332 = ctg@, r313 = F331 = 1/7-
Kpome Toro, Mpl umeem

V—g =r?sin6vAB, (11.24)
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H B COOTBETCTBHH ¢ (5.18) noayyaem

.5 = (9pv/—9)/V~g = 9plog /—g. (11.25)
CrienoBatesibHO,
r*,=A/2A+ B'/2B + 2/r,
o / / Ir (11.26)
T# .2 =ctgh.
YpaBHeHHe
Ry, =0 (11.27)

Tenepb npHoGpeTtaet BHA (cM. (5.27)):
R;w = —(log \/:g),u,u + Fu/w,a"
— TP, %, + 1%, (logv/=g) .o =0. (11.28)
B sBHOM BuZe ypaBHeHUsi GYAYT 3anHcaHbl Kak
Roo = Tgo,1 — 2T 00T % + Moo(log V=) 1 =
~ (A'/2B) — A"/2AB + (A’/QB)( % +2) =

(o AB AT 24\ _
5B (A 2B " 2AtT )‘0
(11.29)

Riy = —(log v=9),11 + 1p = T°0I%0 — DMy —
—T251%; — 13503 + Tl (log v—=g),1 =0. (11.30)

DTo naet

2A( t95 YAt B

AII A B, A’2 2AB,) —_ 0. (11.31)

O6beaunss (11.29) u (11.31), nonyuaem

«%(AB)' ~0. (11.32)
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CaenoBatenbHo, AB = const. [1ocKOJNBKY NIPH T — 00 MBIl UMeeM
Ay B — 1, MH 3aKJjiouaeM, uTo

B=1/A. (11.33)

B nanpapneHnu 60 Mbl HMeeM:

Ry = (—logv/=g) 22 + Ttan1 — 2T 00T %0y~
~T353T%3 + Tlao(log vV=g),1 = 0. (11.34)

3anuiueM 3To BbipaXKeHHue B BUE!

A (Y 42 g (2 ABYY
B = —ppcte? () + 5 -0 B(r+"2ﬂ3“) =0.
(11.35)
C nomomikio (11.32) nonyuaem
(r/B) = 1. (11.36)
TIpy MHTErpUPOBAHMH MOJSyUaeM
r/B=r—2M, (11.37)
-1
a=1-2; po (1-20)7 (11.38)

3nech 2M — KOHCTaHTAa MWHTErpHpoBaHWA. Mbl HalnK pelleHHe,
XOTS M He HCMO0/Ib30Ba/H BCeX MMEIOUIMXCH B HalleM pacropsike-
HHH ypaBHeHH#i R,, = 0 (Obiia HCTOJIb30BaHA JWllb JHHelHas
KomGHHauust Rop ¥ Riy). HecnoxHo HaiiTy foBoasl B mosbay To-
o, YTO Ha CaMoM jese Bce ypaBHeHHs R,, = 0 cnpaBepnuBh:
MoXHo rnoacTasuTh (11.38) B (11.29) uanm (11.31), a 3aTem mnoka-
3aTh ¢ MOMOWLIO chepHueckoit cumMeTpuu 1 (11.35), uto Raz = 0.
OnHako ¥3-3a MOFYMHEHUS TOXIeCTBY DbaHKu:

D,G, =0 (11.39)

3TH ypaBHeHUd CjelyeT CYUTATH NepeonpelesleHHbIMH. ToxkpecTBo
Bbanku BHIMOJMHAETCA aBTOMaTHUYECKM, W M3 Hero cllenyert, 4To
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€c/Id GONILIUMHCTBO KOMIOHEHT G, 3aAaHbl PaBHBIMH HYJHO, TO
ocTajibHbie KOMIOHEHTH! Takxe GYAYT PaBHBI HYJIO.

HalinenHoe namu pellleHne HasbiBaercs pellendem [lIpap-
uwrabaa (sapuwuneg, 1916):

2
ds? = — (1 - ?-TM-) 2+ L"MZ +r2(d8? +sin? 6 dy?). (11.40)
1— 2
T
B (11.37) mbt BcTaBHAM 2M B KauecCTBe MPOU3BOJILHOH KOHCTAHTHI
HHTETPHPOBAHHA. Mbl BUAHM, YTO BJaJH OT Hauaja KOOPIMHAT

—g0=1-2M 1 49v(2). (11.41)
Takum o6pasom, ecau
M =Gym (c=1), (11.42)

TO IPaBHUTaUMOHHBIH TNoTeHuHan V(Z) nepexogut B —M/r, Kak
BOJIM3H 00beKTa ¢ Maccoit m. YacTo equHHUB Maccsl GyayT Hop-
MHPOBAaHH! TaK, 4Tobu Gy = 1.

Pewenne [Bapywuasnal® npu r = 2M cHHTYAspHO, OHAKO
3TO MOXeT OhiTh apTedakToM BbIGOpa KoopauHat. Mayuus reope-
3UYeCKHe B 3TOH 06JIacTH, MOXHO OGHapyXHTb JPyrHe CHCTEMBI
KOOPAMHAT, C TOYKH 3peHUsi KOTOPBIX CHHIYMSPHOCTH HaGaliofaTh-
¢l He Gyner. 31ecb Mbl NMPHBOJHM Pe3YJbTaT TaKOH NPOLELYPHI.
Beenem HoBhle KoopauHathl («KoopiHHaTH Kpyckana»):

(t, 1, 0,9) = (2,9, 0, 9), (11.43)

10B cBoeit paGote Kapa UIBaputunaby 3amenus r — 2M HOBO# KOOPAMHATOH T,
Ha YpOBHE rOpHU3OHTa COGHLITHH obpaillalollieiics B HYb, MOCKOJbKY OH yTBepMiad,
YTO TO, YTO, MO €ro MHEeHHIO, GBJIO CHHTYJSIPHOCTBIO, AO/KHO HAXOAUTLCS B Ha-
yajle KoOpAMHaT. JIMUIL MpH TaKOM YCJOBHU, OH CUHTAJ, ypaBHeHHe MOXET CTaTb
«eindeutig» (ofHO3HAUHLIM), CTIOCOGHHIM MO3BONUTh PACCUWTATH TAKHE SBJECHHS KaK
ABHXKeHHe Tiepureaus (cM. rnasy 12) onHosRauko. He 3Has OH HHU TOrO, 4TO KOOpAH-
HaThl MOXHO BBIGHDATh CBOGOMHO, HH TOTO, UTO €0 «CHHIYJISIPHOCTb» He iBJfeTCs
NO[JIMHHOA CHHTYJSIPHOCTBIO — Obl Bcero auib 1916 rog. A To, YTO OH mep-
BbIM NOYYHJ aHaNHTHYeCKOe BbipaXKeHHe, 3aeYaT/eHO B Ha3BaHHU — pelleHue
lsapuiuuibaa.
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onpefieNisieMble YpaBHEHHAMH

r 1 r/2M {
('271 - ) =y, (11.442)
et/ M = g /y. (11.44b)
B s1oM cayuae
de | dy dr de dy _ dt
ez % _____dr . dr % _ dt 1.
YT Tara-zny * v e (149)

Jluneiinpiii anement [lBapuuinabia Tenepb 3afaerTcs ypasHeHHs-
MH

ds? = 16M2(1 - Z-M)ix—dﬁ +r2dQ? =

r zy
3
= B2MC —r/2M o gy 4 12402 (11.46)

npu
d0? ¥ 462 + sin2 0 d?. (11.47)

CuHrynspHOCTL OpH r = 2M ucueana. 3ametum, uto (11.44) ume-
eT dsa pellleHus (xz, y) Aad Kaxporo r, t. M3 atoro caegyer, uto
MaKCUMaJbHO YTOUHEHHOE pellleHHe ANl BaKyyMa (= pelueHHIo,
TpK KOTOPOM MaTepHsi, Kak HCTOUHHK FPaBUTALHOHHBIX MOJeH, OT-
CYTCTBYeT) 3aKNI0YaeTcs B HaJHYHH 084X BCEJEHHBIX, CBA3aHHBIX
B ULeHTpe. MOXHO 3aMeTHTh, 4TO, 33 HCKJIOUeHHeM (haKTa ToBo-
pota Ha 45°, 3aBHCHMOCTb MeXZy KoopauHatamu Kpyckana z, y
H IUBApPLUILIHALIOBHMH KOOpAHHATAMH 1, ¢ BOMKH3H TOUKH 7 = 2M
HMeeT TOUHO TaKOH XXe BUI, UTO H 3aBHCHUMOCTb MEXAY MJIOCKH-
MU TIPOCTPAHCTBEHHBIMH KoopauHataMu z°, x0 u pundieposvimu
KoopaHHaTaMH €3, 7, cM. riasy 3.

Onnako B pewenud IliBapuwnibia To4ku r = 0 no-npexHe-
My COOTBETCTBYIOT CHHTYNSPHOCTH. ['paHHleil peryaspHo#i obaa-
CTH «BCeJIEHHOM» CAYXKHT JUHUA

zy = -1, (11.48)
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O6nactb z > 0, y > 0 GyeT OTOXACCTBJAATLCS € «OGHUHBIM MH-
POM», NPOCTHPAOUIMMCSA Ha JlaJieKHe OT Hallero WCTOYHHKA pac-
crosinus. BTopas BcesleHHast, 06/1acTb MPOCTPAHCTBAa-BpEMEHH C
z < 0, y < 0, HMeeT MeTPHKY, HAECHTHUHYIO MeTpHKe MepBoi
BcesieHHOH. M cBsizaHa oHa ¢ nepBoii cBOe0GPa3HO «uepBOTOUH-
HOH». PHU3HMYeCcKas 3HAYHMOCTb TAKOH IPOTSHKEHHOMH 06JaCTH BeCh-
Ma orpaHH4eHHa, NOCKOJbLKY

1) «OO6blyHble» 3Be3As M MJIaHeTH COAEPXKAT BeleCTBO
(T, # 0) B mpegenax Hekoero paguyca r > 2M, paMKaMH KOTo-
poro sl HHX W orpaHHYHMBaeTCsl JOCTOBepHOCTh pertienus LlBap-
LLIKIbAA.

2) Haxe ecau fnanbHeiillee rpaBUTALHOHHOE CXKATHe H TIPHUBe-
JeT K 00pa30oBaHHIO «4epHOil JbIphl», BCe PABHO OCTAHETCs KoJuaan-
CHpyKolliee BellecTBO, KOTOpOe MOJHOCTbIO OTCeyeT BTOPYIO «Bce-
JIeHHY10» OT TepBoi.

3) llonyctuM KoJnamncHpyiolllero Beliectsa HeT. M B 3ToM
cayyae BTODOH BCeJIeHHOH MOXHO Obl10 Gbl JOCTHYDL JIHILbL NPH
YC/IOBHHM JIBUXKEHHSI €O CKOPOCTBIO, MpeBblILIaolleli JOKaNbHYIO
CKOpOCTb CBeTa.

Ynpaxuenne. [lIposepbTe faHHBIE yTBEPXKAEHHS, NMOCTPOHB
OHarpaMMy xy ¥ yKasaB MeCTOMOJOXeHHe BYX BCEJIEHHLIX H BO3-
MOXHEIE TPaeKTOPHH MepeMellieH|s MaTepuH U KOCMOHaBToB. [lo-
KaXKuTe, UTO MEX]Y BYMsl BCeJIeHHbIMH OOMeH CueHaiamu HeBo3-
MOJeH.

Ecau noMecTutb B JHarpaMMy , y «KOJJalCHPYIOUIYIO 3Be3-
Ly», MOXKHO 3aMETHTb, YTO TOPH3OHT COOBITHI, OTTpaHHUHBAIOILIHH
Gynyiee, obpetaeT usMueckuit cMbici. [losyyaemoe npu 3ToM
pellleHHe HaspiBaeTcs pellleHHeM AJSI YepPHbIX AbIP.

12. MepKkypuii 1 noseileHHe CBETOBbIX Jyuei
B paMKaXx WBapUIIHJIbIOBCKOH MeTPHKH

Jlnsi npoBepKH LOCTOBEPHOCTH OGLLEelH TEOPHH OTHOCHTEJIBHO-
CTH NPUHATO HCMOJIB30BaTh OpGHTaJbHOE ABHXKeHHe MepKypHus B
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rpaBHTaLHOHHOM roJle CosiHlla (x0T DHHILTEHH He 0TKa3aCs Obl
OT CBOEH TEOPHH H B Cayuyae HEBO3MOXHOCTH TaKOil [POBEPKH).

s onvcaHus Takoro ABHMKEHWSI Mbl HMeeM BapHallHOHHOE
ypaBHeHue (11.16) ans dyukuuii ¢(r), (1) ¥ (), rae 7 napamer-
pH3yeT TPaeKTOPHIO MPOCTPAHCTBAa-BpeMeHH. 3anucas v = dr/dr
H T. 4., Mbl HMeeM ypaBHeHHe

. -1 .
5/{—(1 - Zﬁi)tu (1- %ﬁl) 2 4+72(6% +-sin’ 04%) } dr = 0
(12.1)
B KOTOpOe Mbi TIoAcTaBAsieM ds?/dr? = —1, OCKONbKY TPaeKTOpHs

BPEMEHHUNONO0HA. YpaBHeHUs IBHKEHHS GYAYT UMeTh BHJ ypasHe-
Hui Jlarpanxa:

f;(rﬂé) = r2sin 0 cos 0%, (12.2)
Ed;(rz sin®T¢) = 0; (12.3)

d oM
£[(1-297 -0, =

Mt He BHIMHCHIBaEM ypaBHeHHs ansl ¥ — y1106Hee pasgne-
JuTs (11.40) Ha —ds?:

1=(1- QTM)F -(1- QM) —r2(62 +sin?64%). (12.5)

Teneps, naxke BO BMOJHe PeJSTHBHCTCKON METPHKe peilieHHs
UlBapuuinibaa Bce OpOUTH GYLYT JiexXaThb B IOCKOCTSIX, MPOXOAS-
LIMX Yepe3 Hayaso KOOPAHHAT, MOCKOJBKY cepHueckas CHMMeT-
pHS 03BOJISeT BLIGPaTh B KayecTBe HCXOLHOTO YCJIOBHS, UTOObI

6=m/2; 0=0, (12.6)

H 3TO OCTaHeTcs aGCOMNIOTHO AOCTOBepHHIM BcaepcTBHe (12.2).
Ypasuenus (12.3) u (12.4) nokasuipamoT, 4TO

r2p = J = const (12.7)

(1 - —2—‘:-.V—I->t = F = const. (12.8)
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YpasuenHe (12.5) nipu 3TOM npuobperaer BHA:

(1_2M) E2~( QM) — 72/, (12.9)

Takxe kak ¥ B 3amaue Kerepa, yio6HO paccMaTpuBaTh r Kak
dyHKIMIO . Bpemst ¢ yxe HckioyeHo. Heknounm takxe s. Jlo
KoHLa 3TO# rniasbl GyaeM 06o3HaqaTh AMddepeHUHpoBanHe Mo @
IITPHXOM:

v =7/p. (12.10)
C nomowbio (12.7) u (12.9) BriBoAUM

1 - 2m/r = B2 — J2r/2 —j2(1 - 3,4-”)/#. (12.11)

MoxHo unTepnpetHpoBath E Kak sHepruio, a J KaK yriosoii Mo-
MeHT. 3anuileM B TOYHOCTH Kak B 3ajaue Kemsepa:

r=1/u, =/ u? (12.12)
1-2Mu = E? — J?u? - J22(1 — 2Mu). (12.13)
Orcrona HaxoauM
d_u — — 2 2 2
= \/(QMu 1) (w2 + e 5 ) + B2/ 2, (12.14)

dopmanbHbIM pellieHHeM GyaeT

u

2 ~1/2
o — op = /du(E72_1 + % ~ut4oMat) L (12.15)

Ug

Ynpaxuenue. [lokaxure, 4To B HbIOTOHOBOM Npefesie uie-
HOM u”® MOXHO NpeHeGpeUb, a 3aTeM BHUKCIHTE UHTErpas.

PengtuBucTCKHM cMellleHHeM nepHreaus OyaeT BelMUHHa, Ha
KOTOPYIO NOJIHEIH HHTErpas OT Umin [0 Upax (B3 KOPHA NONHHOMA
TpeTheil cTeneHH), yMHOXKeHHbI Ha fBa, oT/iuaeTcs oT 27,
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i op

! ““/I 3a Bek:

\ ! Mepkypuit 43”.03
Benepa 8.3

3emasn 3".8

Ilnanera

Puc. 4. CMellleHHe MepHresids OPOUTH! TJIAaHETHI BOKPYT LEHTPasbHOK
3Be3/bl.

MaxkcuMaibHO TOYHO MOXKHO ONpele/MTh CMeLleHHe fepure-
Jiust TIOBTOPHBIM Au¢depenuupopantem (12.13) ro ¢:

27424—1/ — 2u'u” — 2uu’ + 6Muy’ = 0. (12.16)
Tenepb, KoHeuHo,
w =0 (12.17)
MOXeT ABJATbCH pelleHueM (KpyroBo#f opGuThl). Ecau ' # 0,
pasjenuM Ha u”:
M
u'+u= N2 + 3Mu®. (12.18)
MMocsiennui uslen sBNsieTcA PeNsiTUBHCTCKUM [OfIPABOUHBIM Ulle-

Hom. [lonycTHM OH HegenivK. Toraa Mbl MoJiyyaeM XOpoLIO U3BeCT-
HyIo B MaTeMaTH4ecKo# QH3HKe 3ajauy:

u +u=A+eu’ (12.19)

C nomolibio Bosmymeﬂnﬁ MOXXHO pas3JioXXWTb u B DAL [0 cTelle-
HAIM €, OJHAaKO HaM HYXHO pasfioxeHue, cXoisiiieec AJs BCeX
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3HauYeHHH He3aBHCHMOH MepeMeHHOH . 3aMeTHM, YTO AJs TOro,
4ToGKl pelieHHe ObLIO TepHoaHUecKHM 1o u, (12.13) gonyckaet aas
KaXK[Ioro 3HaYeHHs u JHWb ABa BO3MOXHbLIX 3Hadenus u’. Hepos-
MYLLeHHbI# nepuos cocTasseT 2. ONHaKO € YYeTOM NPHCYTCTBHS
useHa u? B TOM BHAE, B KAaKOM OH JaeTcsl B ypaBHEHHSX, Mbl He
MOXKeM 3HAaTh TOYHOIrO MepHofa. [lonmycTHM, ero MOXKHO 3anucaTh
B BHIE!

2r(1 + ae + O(e?)). (12.20)

3anuiueMm

u = A+ Bcos|[(1 - ag)p] + eu (p) + O(e?), (12.21)
u” = —B(1 - 2ag) cos|(1 — ae)p] + cuf(p) + O(e?); (12.22)

eu? = (A% + 2AB cos[(1 — ag)p)+
+ B2 cos?((1 — ae)p]) + O(e2). (12.23)

Haxonum past uy
ui +uy = (—20B +2AB)cosp + B2 cos’ p + A%,  (12.24)

rae uneHsl O(g) onyLueHHl, MOCKOALKY GOJiblle He HTPAaKT HUKAKOM
poau. ITonyunsu B TOUHOCTH ypaBHeHHe MasiTHHKA B PeXXHMe Bhl-
HYXIeHHLIX KoneGanuii. Ecniu HeXenaTeabHo, 4YToO6b MasgTHHK co-
BepluaJj KoJjieGaHHs CO Bce Bo3pacTaiolled aMIIUTYA0M (1 AOMKHO
0CTaBaThCsl MaJibiM IIPH BceX 3HAUeHHUSIX @), TO BHELUHSAA CHJA He
ROJDKHA COllepXKaTh COCTaBJAILYI0 Pypbe ¢ TeM XKe MEPHOIOM,
4TO U caM MasTHUK. Teneps B (12.24), ec/id TONbKO MB He Bbi-
GepeM o = A, ulleH, BKJIIOUYAIOUIHH COSp, COOTBETCTBYET IOJHOMY
pesonancy'!. Eciv o = A, To ypaBHeHus

u! +ug = %B2(cos 2+ 1) + A2, (12.25)
uy = %32(1 - 221_ cos2<p) + A2, (12.26)

106patute BHUMaHHe 31ech U fajiee, UTO pellieHHeM ypaBHeHHs BHAA u” +u =
=37 A, cosw,p Gyner u = Y A, cosw,p/(1 — w?) + C1 cos ¢ + Casin. Mpu
1 1

w — 1 OHO 6YAeT eAMHCTBEHHKIM pelueHHeM,
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UPHUBOAAT K CTPOro#t NepHoaUyHOCTH. Ecaun op6urta fosixHa GHITh
TIEPHONHYHA 110 ¢, CJefYeT BLIGHPATh MEPHOA paBHLIM 27(1 4+ Ae).
Mbi 06HapyXHBaeM, YTO MPH KaXKAOM IPOXOXKIEHHH MepHreIHs ee
T0JI0}KeHHe CMeLllaeTcsl Ha BEJHYHHY

2
S = 2mAe = 2n-3-% (12.27)

(n/110C ONpaBKH ¢ yYeTOM BBICLUMX NMOPALKOB) B HallpaBJeHHH Ca-
MOii ninanetsl (puc. 4).

Tenepy paccurTaeM TpaekTopHIo Jyya ceeta. OHa Toxe 6yneT
reopiesnyeckoil. OfiHako Tentepb ds = 0. B atom npenene (12.1) -
(12.4) Bce eine neiCTBYIOT, HO Ternepb Mbl 3afiaeM

ds/dr =0,

Tak yto (12.5) npuobpeTaeT BHJ:
A - -1 .
0=(1-2)¢z - (1= )2 232 4 sin? 0g?). (12.28)

ITockosbKy Tenepb NapaMeTp T OTpefesed ¢ TOUHOCTBIO A0 Mpo-
M3BOJILHOFO MOCTOSIHHOTO MHOXHTEJIsl, PesieBaHTHEIM GyZleT JHILb
oTHowenne J/E. Hasosem ero j. Torga (12.15) npuoGpeTaet BuI:

o= w0+ / du(=2 = u? + 2Mu) =12, (12.29)
ug

[TockosbKy Tenepn JeBas yacThb (12.13) nonnexxur 3ameilieHuIo Hy-
JeM, To (12.18) npuHMMaeT BUA:

u" +u = 3Mu?. (12.30)

Tenepb nonyckaercs pasnoxeHHe B PAl 1o cTeleHssM M (nockonb-
KY yroJ o HaxofuTcs B fipefenax HHTepBaja, He3HaUUTeNbHO npe-
BHILLAIOLLETO 7):

u = Acosy + v, (12.31)
o +v=3MA%cos? p = %MAz(l + cos 2), (12.32)

v = _2?3 MA? (1 ~ %cosztp) = MA2(2 - cos? ). (12.33)
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Takum oGpasom, aas Maaoro M Mbl HMeeM

% =u= Acosp + MA*2 — cos® p). (12.34)

Yrasl ¢ — WCIYCKaHUS H BO3BPALLEHHS fyya — ONpeensioTcs
ypaBHeHHeM

1++1+8M24A2
2MA ’

[Tockonpky napamerp M, yuacTBYIOWHi B Pa3/OXKeHHH, HE3HAUM-
TeqleH, a | cos | < 1, Mbl HOMKHBI BRIGPATh 3HAK MHHYC:

1/r=0, cosp= {(12.35)

cosp 2 —2MA = -2M/ry, (12.36)
o~ i(g ¥ 2M/ro), (12.37)

rae ro — HaHMeHblllee pacCTosHUe, NPOXOAUMOE CBETOBBIM JYUOM
A0 HEeHTpaJbHOI'C UCTOUHHUKA. B wurore YroJ OTKJIOHEHHH MeXIy
HCMYCKaeMblM Jy4OM M Jy4OM, BO3BpPallalolUMMCS Ha3ald, B HHU3-
HieM NopsaiKe vMeeT BUI

A = 4M/ro. (12.38)
B o6mynbIx €IHHHUAX 3TO ypaBHeHHe BBINISIAUT KakK
4GNm@

b
0 02

A= (12.39)

M — Macca UeHTpaabHO 3Be31bl.

¥Ynpaxuenne. [okaxuTe, 4To 3Ta BeJHUMHA B /1Ba pa3a
GoJbllie, UeM MOXKHO OLLIO 6l OXHAATb, €CNH CUMTAThL JyY CBeTa
HepeJISITHBHCTCKOH 4acTHUEH, ABHXKYLIEHCS no rHnepOonnUecKoil
OpOHTE BOKPYT 3BE3]bl.

Ynpaxunenne. [okaxHre, yto BhipaxkeHue (12.27) B o6biy-
HBIX elMHHLAX UMeeT BHJ

671G nmg
a(l —e?)c?’

Sp = (12.40)

rge a — IVIaBHafd OCb 0p6HTbI, € — €€ 3KCUEHTPHCHTET, a4 ¢ ~
CKOpOCTH CBeTa.
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13. O600menne WBAPUMIMILAOBA pPEHICHHS

a) Pemenne Paiiccuepa — Hopacrpéma

Codepuyeckyio CHMMETPHIO MOXHO OCTABHTL B KayecTBe OT-
NpPaBHOH TOUKH IJA MOCTPOEHHA pellleHHs KOMGUHUDPOBAHHLIX
ypasHeHH#i JfiHWTeliHa - MakcBeaia s fosielt, OKPYXatoIMMX
«NJJaHeTY» C 3JIeKTPUUECKHM 3apsaioM @ U maccoil m. Kak u B
(11.10), Ml BLIGUpaeM

ds® = —Adt? + Bdr® + r?(d6? + sin? 0 dp?), (13.1)
HO, KpOMe Toro, — CTaTudeCKoe 3JieKTpHdeCKoe IoJie:
E.=E(r); Ep=E,=0; B=o. (13.2)

W3 atoro crenyer, uto Fpy = —Fip = E(r), a Bce KOMNOHeH-
Thl F),,, paBHH Hyno. JoNycTHM, 4To MCTOUHMK J# 3TOTO nMoJA
HaXo[MTCS BHYTPH IlIaHeThl, 4 Hac HHTepecyeT JULIL pellleHHe 15
BHellIHero npocTpaHcTBa niaaHeTsl. Jins sToro ciyuas Mbl UMeem

JH =0. (13.3)

Ecnn Mbl MOAHUMEM MHEKCH BBepX, TO MOJYYHM

F'° = E(r)/AB, (13.4)
a C MOMOLHbI0
V=g = VABr?sin# (13.5)
Mbl HAXOAHM, 4TO B cooTBeTCTBHH ¢ (10.13)
E(r)r?
o ( : )=o. (13.6)

Takum o6pasoM, HeoqHOPORHLIN 3aKoH MakcBeasia CBHOETEJNb-
CTByeT, 4To

QVAB

472

E(r) =

(13.7)
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Tae () — KOHCTaHT2 MHTErpUpOBaHHUS, KOTOPYIO MOXHO OTOX[e-
CTBHTb C 3JIEKTPHUECKHUM 3apANoM, MOCKONBKY MPH 1 — 0o K A,
u B ctpemsrcsa K L.

OnHopoanuiil 3akoH Makceenna (10.11) BunoaHseTca aBTo-
MAaTHYECKH, NIOCKONLKY MMeeTcs rnofie Ag (BeKTOPHbIH noTeHLMal)
RIS KOTOPOTO

E, = -8, A. (13.8)

Mone (13.7) BuocuT Bkaan B T),,:
Too = —E%/2B = ~ AQ?/32r%r%; (13.9)
Ti = E?/2A = BQ?/32n*4; (13.10)
Tay = ~E*r2/2AB = —Q?/32xr?; (13.11)
Ta3 = Topsin® @ = ~Q?sin® 0/32x%r2. (13.12)

Haxonum, uto

T4 =g¢"T, =0, R=0 (13.13)

— 3To ofluee cBoicTBO cBoboaHOro nons Maxcseana. Tipu atom
Mol HMeeM (Gy = 1)

R, = —81T,,. (13.14)
B 3tom cayuae (11.29) - (11.31) npunumaioT BuL

g AB A2 2N

L2 Loy

55~ 5i T = ABQ*/2mrt,

A'B' | A | 24P (13.13)
_Aty  AD A% | 2AD 2 4
A+23+2A+7‘B ABQ*/2nr
Ml cuntaeM, yto (11.32) Bce eiue ocTaeTcs B CHJIE, OITOMY 31€Ch
TaKxe

B=1/A. (13.16)
YpagHenue (11.36) Teneps 3ameHsieTcs ypaBHeHHEM
(r/BY — 1 =-Q*/4nr?. (13.17)

an WHTErPpHPOBAHHH OHO JaeT

r/B=r—~2M + Q?/4nr. (13.18)
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Teneps BMecTo (11.38) Mbl HMeeM

2
2M @ p_y/a
47r?

DTo ypaBHeHHe HasblBalOT peiueHHeM PaificcHepa - HopacTpéma
(1916, 1918).

Ecau BriGpats Q2 /47 < M?, To 6yayT HabmogaThes ABa «ro-
PU30HTa COOLITHH» — KOPHU ypaBHeHHsl A = 0:

re=ry =M+ /M2 - Q2/4r. (13.20)

K B 5TOM c/lyyae CUHTYASPHOCTH ABASIOTCA apTehaKTaMH Hallero
BLIGOpa KOODAHHAT W MOTYT OLITb YCTpaHeHbl NMyTeM 0GOGHIEHHE
koopauHaT Kpyckana. Ilpu atom oGHapyXuBaeTcs, YTO ecau ro-
PHU3OHTEl COOLITHI He GblJIM Gbl 33a6JOKHPOBAHb! KOJJIAMCHPY LM
BelleCTBOM, TO C Halllel BCeJleHHOH Oblo Gbl CBSI3aHO GecyucaeH-
HOe MHOXECTBO Hapa3uTHBIX BceJieHHBIX. [lonpoGHee 3Ta runoresa
onucaHa XOKHHIOM H DJJIHCOM.

A_

(13.19)

6) Pemenne Keppa

I'paBuTanioHHOe NoJle GLICTPO BpallaioUleiics MAAHETH yxKe
He oOnaflaeT cepHUeCKOl CUMMETpHeH — COXPaHAeTCs JMHILb LK-
nUHApUdecKas cuMMeTpud. [IpuBoauM TONBKO pellleHHe:

2Mr(dt — asin® § dp)?
+ 2 1 22 oo’
7% + a‘ cos“ 8
2, 2. 2 2 dr?
+ (2 + a%cos? 0)dB +2—2). (13.21)
r° —2Mr+a

3o peweHue 6bi10 HadizeHo Keppom B 1963 r. [lokasaTh, uTo
0HO JeHCTBHTEJIbHO fIBIAETCS pelleHHeM SHHIUTEHHOBHX ypaBHe-
HHH, HeCJIOXHO, HO A/ 3TOr0 NpUAeTCA 3alacTHCh TepreHHeM.
Ilns nonydeHus pelueHHsl ¢ HCMOJIb30BaHHWEM GoJjiee 3JIeMeHTap-
HLIX MPUHUHKIOB TpeGyloTcst GoJiee MOLLHbBlE MeTOAbl pPacyeToB C
NpUMeHeHHeM BBIUHCIUTENbHON TeXHUKH. CBOGOLHbIN napaMeTp a

B 3TOM pellueHHH MOXKeT OLITH OTOXAECTBJAEH C YFrJIOBHIM MOMEH-
TOM.

ds* = —dt® + (r? + a?)sin® 6 dyp?
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B) Pewenne Heiomana

Ilns MOAHOTHI KapTHHBI 3aMeTHM TaKXKe, YTO BpailamlliHecs
IIaHeTHl MOTYT Takxe ObITh 3JIEKTPHUECKH 3apsiKeHHBIMH. Pellle-
HHUe A1 3T0r0 Cilyyas Gbiio HalneHo Heomanom B 1965 r. MeTpH-
Ka, COOTBETCTBYIOILAA 3TOMY PelieHHIO, ONHUCHIBAETCA YPaBHEHHEM

ds® = —%(dt — asin® 0 dp)+

. 2
+ Ml aat - (* + oD dp) + L ar? + v a2, (13.22)
rie l

Y = 7% + a®cos¥, (13.23)
A =7? - 2Mr+ Q*/47 + a?. (13.24)

TloTeHuuan BeKTOpa npelcTaBNeH Kak
Qrasin?@

Qr
T 4ry’ As = ArY

Ag = (13.25)
Ynpaxuenne. Jokaxwure, uto npu Q = 0 (13.21) u (13.22)
COBMAAIoT.

Yupaxuenne. Haiinute peuleHne nJsi Hempallaiilerocs
MarHHTHOTO MOHOMOJSA B YCIOBUSX PafHANLHOTO MATHHTHOTO NOJS.

YnpaxkHeHne I NPOABHHYTOrO CTyReHTa. OMNHIHTE
reofesnyeckre 9 peuieHus Keppa.

14. Merpuka PoGeprcona - Yonkepa

OG61uas Teopyst OTHOCHTEJIBHOCTH HIPaeT BaXKHYIO POJb B KOC-
Monoruy. Camoe pacnpocTpaHeHHoe NpenoJoXeHHe 3aKaodaeTcs
B TOM, UTO B ONpele/eHHHl MOMEHT « = 0O» K3 CHHIYJASIPHOCTH
BO3HUKJIA BCe/leHHas H Hayaaa paciuupsaTbes. [lpuMeM MakcHMan.-
HYI0 CUMMETpHIO, B3MB B KauecTBe Haulelh MeTPHKH

ds® = —dt* + a*(t) dw?. (14.1)
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3pech dw? SIBJSETCS COKpalileHHbIM 0603HaueHHeM HeKoero MoJ-
HOCTBIO M30TPOIHOr0 TPeXMEpHOro NPOCTPaHCTBA, a a(f) OMHCHI-
BaeT (yBeJHuUBawILeecs) pacCTOSHHE MeXAY ABYMs COCeJHHMH
ranakTHKaMH B TpoCTpaHcTBe. XOTA HaMM ¥ YUUThbIBaeTCsl MPHH-
uun KonepHuKa o paBHOMPaBHH BCeX TOUEK B MPOCTpaHCTBe, uies
06 WHBAapHAHTHOCTH B OTHOIUEHWH BpPEMEHHbIX TPaHCJSALUHMH H O
JIODeHLI-HHBAPHAHTHOCTH B 3TOH MeTpPHKe HaMM He pasjenser-
cfi — KaxJad rajakTHKa HMeeT 4achl, yCTaHOBNeHHble Ha HY/b
npu t = 0, ¥ KaXJas U3 HUX NpeAycMaTpHBaeT COGCTBEHHYIO HHep-
LHAJIbHYIO CHCTEMY KOOpPAMHAT.

CHauana pacCMOTPHM TpeXxMepHOe MPOCTPAHCTBO, OMHCHIBae-
Moe napameTpoM dw?. TIprMeM nonsipHble KOOPAHHATH p, 8, ¢

dw? = B(p) dp? + p*(d6® + sin® 0 d?), (14.2)

TOFZa B 3TOM TPEXMEPHOM NpocTpaHcTBe TeH30p Puuuy Oynet onu-
CLIBATLCS (C MOMOIUBIO METOAOB, OMUCAHHLIX B rMase 11) B BHIe

Ry = B'(p)/pB(p), (14.3)
1, pB

Royo=1— = + =, 14.4

22 = 1 B+ZB2 (14.4)

B n3oTponHOM (TpeXMepHOM) MpOCTpaHCTBe M HeKoit KOHCTaH-
TH A JI0JKHO COGMIONATLCS PAaBEHCTBO

Rij = Agij, (14.5)
a, Clle[loBaTeNbHo,
B'/B = ABp, (14.6)
1, pB 2
1—- 2 4+ = )\p° 14.7
B + 55 Ap (14.7)
BmecTe oHY aioT ypaBHeHHe:
1-£=3n4 B=—1—, (14.8)
1- %—/\pQ

KoTopoe nofauuHserca U (14.6), u (14.7).
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Ynpaxuenne. [oxaxure, UTO C yyeToM Tpex YIMIOBbIX KO-
OpIHHAT 1, 8, ¢ TpH p = %sim/) BO3HHKaeT MeTpHKa 3-MepHO#

cdepl.
- YacTo u36HpaeTcs HOBasi KOOPAHHATA w:

pdif \/2]6//\”

= — 14.9
1+ (k/4)u® (149)
[onyuaem
1, 2 1.2 2
dp = T——i——du H B= — | (14.10)
1, 2 1.2 :
(14 2ku?) Liu
TaK 4To
du? 2(462 : 29d 2
du? = 2 BT+ W+ sin” 0dy?) (14.11)

X (1 + (k/4)u?)?

lapamerp k — npousBoAbHBIN, 33 HCKJAOUEHHEM 3HAKa, KOTOPbIH
HOJKEH COOTBETCTBOBAaTb 3HaKy M. Koadduunent nepen (14.11)
MOXeT rorsowatses a(t). Otciona sanuceiBaem aas (14.1)

di?

(1+%ki’2)2‘

Ecau k = 1, To npocTpaHCcTBEHHONOAOGHAA YacTh COOTBETCTBYET
cepe, ecan k = 0, To OHa nJocKas, a py k = ~1 — KpHBH3HA
OTpHLIaTe/IbHas, a IPOCTPAHCTRBO — HeOorpaHHUYeHHOe (HeCMOTPH Ha
OTPaHHYEHHOCTb |&| NPH 3TOM, UTO sIBJASETCA apTed)akToOM Haluero
BHIGOpa KOOPAHHAT).

[locae cepin sneMeHTapHBIX pacyeToB NONYYaeM:

ds? = —dt? + a*(2) (14.12)

Ry =34, (14.13)
RI=R}=RI=8, ——(a + k), (14.14)

R=R:= -—2(aa+a2+k). (14.15)
Q
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Tenzop G, npuHuMaeT BUL (114 npoctoThl £ Gepertcs paBHbiM 0):

Goo = S-(a% + k) = 8nGnp + A, (14.16)
a
G11 = G22 == G33 = —2ad — dz -k = 0,2(871'01\/1) - A) (1417)

3nech p = T4y = Tog/goo — TUIOTHOCTb IHEPIHH, @ p — AaBJeHHe:
Tij = —pgij-

Teriepb Ham ocTaercs cliefaTh psj HONYLIEHHH O MaTepHH BO
BCeJIEHHOH H O ee YpaBHERHHX COCTOSIHHSA, NMPeACTaBASIOLIMX cO-
60f1 3aBHCHMOCTbL MeXAY TJIOTHOCTHIO SHEPrHH p U AaBJIEHHEM p.
Camoe npocroe — JONYCTUTb, YTO AaBJeHUS HeT BooOle («Bce-
JieHHas, 3aMl0JHEeHHAs NbLIbIO»).

B atoMm ciiyyae nJIOTHOCTb SHEPTHYU p — 3TO NJIOTHOCTH MaTe-
PHH, H OHa 06PaTHO MPONOPLHOHAJbHA 06HEMY:

Po
p=— (ayer). {14.18)
a
Torna ypasuenue (14.16), Ha3biBaeMoe Takxe ypasunenuem Ppud-
MAHa, TPMRHMART BHI

a\2_81GNpo kA
a . N PO K A
(a) =R -S4 (14.19)

Mul BUAUM, UTO NO Mepe BO3PaCTAaHMA a CHauYaJla JOMHHHpYeT
yJieH, ONMCHLIBAIOWMA MaTepHio, 3aTeM — uWJjleH, OMHCHIBAIOUIHI
KPHUBU3HY NPOCTPAHCTBA (BKJIOUAOUKA k), W, HakoHel, KOCMO-
Joruueckas koucraura. duddepenunpys ypaBHenue Dpuimana,
HaXo/lUM, UTO OHO cornacyercs ¢ (14.17).

C nosuuHK MaTeMaTHKH ypaBHeHHe PpuaMaHa MOXHO CpaB-
HUTb C ypaBHeHHeM I/ ONHOMEpHOH YacTHiibl (C HYJIeBOH [OJMHOH
3Heprueit), ABHXKYIlleHics B NoTeHUHane:

V(a) = _4”5"” A g - %az. (14.20)

IMpu HeGoJblION BeHUKNHE a BHaYaJe, HabaoaaeTcsl GblCTpoe pac-
wMpende, Paciuvpenue npofofxaercs 10 GeCKOHEYHOCTH, €CJH
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Puc. 5. Motenunan (14.20) ans cayuaeB a) k =0, A < 0, 6) k = —1,
A=0,Bk=0,A>0 B Cllyyae a) TOHKOW MOBOpOTA GydeT TOYKa NpH
a = a™,
A>0,a2k=-1 Ecin A < 0, 0693aTelbHO IPOU3OUNET OCTAHOB-
Ka pacilupeHUss — B 3TOH TOUKe BCeJieHHas HauHHaeT CKHMAThCS
{a™** Ha puc. 5).

Tonesno paccmoTpeTs peileHus ypaeuenuii (14.16) u (14.17)
LAst cayyad, KOrAa HabMonaoTes APYrie 3aBHCHMOCTH MeXIY Aab-
JieHHeM W MIOTHOCTbIO. Hampumep, Bo BcesleHHOM, 3ano/IHEHHO
n3nyueHuem, p = p/3, a NOCKOJAbKY MOXKHO HOMYCTHTb, UTO H3-
JIyyeHHe TeNJoBOe, a YHC/I0 (POTOHOB COXPAHSETCS HEM3MeHHMIM,
MOXHO 3aKJIOUHTb, UTO p = pp/a®, B OTJHUHME OT ypaBHEHHS
(14.18). HefictutesinHo, 370 cornacyercs ¢ (14.16) u (14.17).

B cayuae A = 0 pemenus ypasnenus dpuamana (14.19) npen-
CTaBJIAIOT COGOH XOPOLIO U3BECTHhIEe MaTeMaTHUECKHe KPHBLie, M
HMeeM

aé? + ka = -81?@- =D, (14.21)
@ = Dfa—k, (14.22)

a mo (14.17) ‘
&= -D/2 (14.23)

3anuwewm (14.22) B Buge

dt _ a
da = \/ D - ka’ (14.24)
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3aTeM MO TAEMCSH BbIBECTH

a= %sinz P, (14.25)
dt _dadt _ 2D n‘P
E; = E;Zi& = k\/_ sinpcosy - o5 (14.26)
=D (,_1g
te) = - \/E (¢ : sm2go), (14.27)
a(yp) = (1 — cos 2¢p). (14.28)

[Moayuunu ypaBHeHHst Ansi LHKAoual. [lockonbky D > 0, ¢ >0 ¢
a > 0, 3anpocuM,. 4TOoGk!

k>0 -— ¢ O6bl10 peatbHbIM,
k<0 — ¢ — BooGpaxaeMbiM, (14.29)
k=0—p — OecKOHEYHO MaJbIM.

Cu. pHc. 6.

Bce peluienys oTTasnikuBalotes ot Bonblioro B3phiBa npu t = 0.
JIvweb B cyyae ¢ k = 1 UUKJIOKAA B KOHLE LEMOHCTPHPYET TaKkXKe
«6oJblloe cxxaTHes. Ecan k < 0, To He TONBKO MPOCTPaHCTBO, HO
H BpeMs GyfleT HeorpaHUUEHHLIM.

XOpOWKMH MPHMepaMH AR TPeHHPOBKH GYNYyT CllyyaH p =
=-p/3up=—p.

15. I'paBuTaUHOHHOE H3JYyYeHHE

Boictpo aBHXYLiMecs 06beKTH NpeAcTaBASIOT Co60it 3aBUCS-
UHH OT BpeMeHH MCTOUHHMK IPaBUTAllMOHHOTO NOJS, MO3TOMY ap-
TYMeHTH MPHUMHHOCTH (HH(pOPMaLUUsl B TPABMTALHOHHBLIX MOASAX
He JIoJKHa nepeMeliaThest GhicTpee cBeTa) MO3BOJAIOT MPeRno-
JIOXHTh, YTO I'paBHTALHOHHHE 3¢Q(eKTH B 5TOM CJjayuiae pacnpo-
CTPaHsAOTCA NOJOGHO BOJIHAM BO BCEX HAMpaBJeHUSIX OT UCTOYHH-
Ka. Baanu ot HCTOUHHKA MeTpHKa gy, OYAeT OCTaBaThCH GJIH3KOM
K METpHKe MJ0CKOro NpoCTpaHcTBa-BpeMeHH. A pacueta 3TOro
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k=0

F(?)
k=1

o

Puc. 6. Bcenennas PoGeprcona-Yoaxkepa nppu A =0, k=1, k=0wn
k=-1.

3¢ dexTa MOXHO NPHHATL JHHEApH30BaHHOe NpUG/IHXKeHHe. B ot-
JIHYHe OT HaUIHX ReHCTBHI B IpeALIAYILHUX [1aBaX, cefiuac ynobtee
BbiOpaTh elMHUUbI TaK, YTOGkI

167Gy = 1. (15.1)

JIuHeapH3oBaHHble SHHIITEHHOBLI YpaBHEHHUs YXKe 06CyXanHCh B
rhaBe 7, a U3 raBel 9 CTaNo MOHATHO, KakHM 06pa3oM, mocae
BHOOPa KaJHOPOBKH, MOXHO BBIBECTH BOJIHOBLIE YpaBHeHHsd (B OT-
cyTcTBHe MaTepuu (9.17) MOXHO 3afiaTh paBHbIM HyJdio). Llese-
coo6pa3Ho NepeBeCTH 9TH ypaBHeHHs B (opMY YpaBHeHHil Diise-
pa-Jlarpanxa. JlarpaHxkuaH Ans JHHEHHOTO ypaBHEHHS, OfHaKo,
KBajpaTHueH No nodo. [losToMy HaMm npHAeTCH Pa3JOXKHTL Jei-
cTBHe DitHwTelHa - [MbGepTa 10 YpaBHeHHHA BTOPOro MOPSAAKa Mo
BO3MYILEHHAM hy,, B MeTPHKe:

Iuv = Nuv + h'pua (152)
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W nocJie HeGOJbIUMX BHIYHCACHHH MBbl fIPUXOIHM K 3aKJIOUYEHHIO,
4TO YJieHbl, KBAAPATHYHLIE OTHOCUTENABHO h#,,, MOXHO 3aMnucaTh B
BHIE

V=I(R+L"") = £ (O haa)? = §(Oohap) = ST by + 142+
+ NoJIHast IPOH3BOAHaS -+ BhICILIKe NOPSiAKH no h, (15.3)

rae
1
A, = 8uhua - 'é'aohp,;“ (154)

a T}, npejcTaBisieT TeH30p HePrHH—-HMIYAbCa MaTepHu (B cay-
uae ee Ha/MuHs). IHIeKcE cyMMHpYIOTCSl KaK B cayuae ¢ MJIOCKO#
MeTPHKOH 7., (7.2).

JlarpaH:XuaH HHBapHWAHTeH PU JMHEAPH30BaHHOM Kanu6po-
BOYHOM Tpeo6pa3oBaHuu (cpaBHuTe ¢ (8.16) H (8.17)):

huy = hyy + Ouu,, + Oyuy,. (15.5)
KoTopoe IpeoGpa3yeT BeJUUHHY A, B
Ay — Ay + 8%ug. (15.6)

OnHHM U3 BapHaHTOB BLIGOpa KaJHGPOBOYHOTO YCJIOBHS MPENCTaB-
JsieTcs BuiGop

Ay =0 (15.7)

(1MHeapu3oBaHHast KanuGpoBka e [Jowzne). Takas KaiuGpoBKa
ynobHa Ang BbuucneHui. OnHaKO AJsS JAyulUero NOHUMAaHus pe-
aJIbHLIX CcTeMeHell cBOGOIBL! B H3/y4aloUleM rPaBHTALlHOHHOM MoJie
CTOMT CHauyalla paccMOTPeTb «KaJUOPOBKY H3aydeHHs» (KoTopas
aHaJIOTHYHa KalWGpoBKe IS 3JEeKTPOMarHUTHOTO chyuas &;A; =
= 0):

8ihij = O; aih,‘4 = 0, (15.8)

Te Mbl IPUAEPKUBAEMCS NIPUHATOTO paHee YCJIOBHS OTHOCHTENbHO
TOTO, YTO WHIEKCH NPH CYMMUPOBAHHUHM, B3SITHIe H3 CepeluHbl aj-
thaBurTa, ¢, j, ..., COOTBETCTBYIOT 3HaueHHsM ot 1 1o 3. [TosTomy
Mbl He Hanaraem ycaoBus (15.7).
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CHauana PacCMOTPHM «HMITYJAbCHOE NpeAcTaB/eHHEY:
hZ, t) = (2r)3/? / dBER(E, t)e*E, (15.9)
8; — ik;. (15.10)

Y6epem kpbileuxky (), NMOCKOJbKY BEepOATHOCTb BO3HHKHOBEHHUS
NyTaHuUsl HeBesMUKa. LIeHHOCTb MMNYJLCHOTO NMpENCTaBJEHHS B
TOM, UTO pas/HuHble 3HAYEHHSA k OYAYyT He3aBUCHUMBI, NIPU ITOM
MOXKHO GYHEeT COCPefOTOUYMTLCH JHUIUL Ha OAHOM BeKTope k u BH-
6paTb KOOpPAMHATH TaK, YTOOB OH JeXas B HalpaBleHHH z: k) =
= kg = 0, k3 = k. Ilyctb Tenepb HHIeKCH, 0603HaYeHHS A4
KOTOPbIX B3THl M3 Hauasia aidaBuTa, HMEIOT 3HayeHus ot 1 Jo 2.
B 3toM cayuae KanubpoBKa H3JlyueHHs OyaeT WMeTh BHI

hSa = h33 = h30 =0Q. (1511)
Kpowme Toro, .
Aa = —h()ay
1.
A3 = —§'Lk(haa - hOO)a (1512)

Ag = %(—hoo ~ haa).

Otnenum caen hgp:

hab = 7La.b + %éabh (1513)
npH N
h = haa§ haa =0 (15.14)
Haxonum
L =%+%L+ L,
@) = Lha)? - L6282, — 2T, (15.15)
1= 4 ab P ab ™" 9 )
%2 = $k%R3, + hoaToa, (15.16)

1; 1,2;2 132 _1 21
b= "§h2 + _8.k2h — ok hhgo 2hooToo 3. (15.17)



90 m’ Xoopm

Mgl ucriosib30BaiK 3ieCh COKPALleHHbe 0603HaYeHug:

B2 = / PFR(E, )h(~F, 1),

. . . (15.18
k% = / d*kk*h(k, t)R(-F, t). )

Jlarpawknan £, AMeeT o6bIuHYI0 OPMY TaPMOHHUECKOTO oCHMA-
aatopa. [lockonbKY hep = hpg, 8 hee = 0, BOIMOXKHBI NHUIL Be
cTerneHy cBOGOAH (COCTABIsIONIHE NPeACTABNEHHE FPYNNbI Bpallle-
HHil CIHHA 2 BOKPYT OCH k: CTIMH 2 NpHMUCHBAETCA TPAaBHTOHAM).
X5 He COpepXHUT KMHETHUECKOTO uJieHa H MOpoXaaeT cleayioulee
ypaBHeHHe Jiijepa — JlarpaHxa:

hoe = ~£5T0a. (15.19)
MoXHO NOACTaBHTB 3TO Bhipaxenue B Lo. Torna

1 g2 (15.20)

2y = _mTOa'

g, 3TOT Ja-
TTocKo/IbKY KMHETHUECKHX UJieHoB Godibilie He HMeeTc

i B FaMBJbTO-
TPaH)XHMaH HeOCPENCTBEHHO faeT Cielyoillit BKAAA

HUAH:
Hy = —/fgdsﬁz 5_1k_ETozad3,‘c' -
ik K2 . o a7
= [ (g, T (R
3247 (15.212)
= %/TOi(f)[A(i"* 6i; ~ By (F — i To; (M ETLY

1
e ———
¢ PAFE-J)=-8F-9) ¥ BT tmjE -7l

E;; — 310 petueHus ypaBHeHH#
(F~i) =0, (15:21)
PE E—i) = 00,0F—7) n (z~yi) B Z
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TaK 410
dj  E-9dT-9);
BelE—3] Sz - g

E; = (15.21)
Takum 06pa3oM, BAHAHHE Fo BhIpAaXKaeTCs JiHilb B 0YeHb He6oJb-
IIMX PeNATHBHCTCKMX MOMPaBKaX K MTHOBEHHBIM B3aUMOAECHCTRY-
fIM MeXly KOMnoHeHTaMH [1ofiHTHHI2 TEH30pa HaNpsXKeHHsI~3Hep-
THY—HMIyJbea.

B cnyuae ¢ &3 Mbl o6HapyxuBaeM, uTo hgo BEICTYTAET B Kaye-
cTBe MHOXHTens Jlarpanka. OTciona nopoxnaeMoe HM YpaBHeHHe
Ditnepa - Jlarpanxa HMeeT oyeHb NPOCTO! BHA:

h= k2T00, (15.22)

a ypaBHeHHe A5l L3 OyIET UMeTh BUL
Ly = ~T3%/8k* + T2 + TooTaa/4k>. (15.23)

Teneps Ans Hallero HCTOYHMKA B JOCTATOUHO XOpOLIEM MPHGJIH-
XXeHUH OYIeT BhLINONHATLCS

8,T,, =0, (15.24)
TakK 4To ) .
ikTs, =To, u ikTa0 = Too, (15.25)
H, CJleloBaTeJibHO, MOXHO 3aliicaTsh
Ly = —Ta/8k? + T2 /8% + TooTaa/4k?; (15.26)
H3 = — / L3 d°k. (15.27)

B aTOM BbIpaiKeHHH JOMHHAHTHBIM GyReT BTOPOil YJeH:

- Too(Z)Too(¥) d3F 3§
— [ BET2 /8k2 = — / o0 =
/ o0/ 8 4x|% — 7

Bz dy
>

Too(®)Too(), (15.28)



92 m’ Xoogpm

B KOTOpbIHi Mbl BHOBb BBeJiH NocTosiHHylo Hbiotona. [lonyuyuacs
JINHEAPH30BAHHBIH I'PABUTALHOHHAIN TOTEHIHAJ A/ CTALlHOHAPHO-
ro pacnpefeseHusl Mace. O6paGoTKY OCTaJbHBIX UJIEHOB CJefyeT
NPOBOAMTH TaK, Kak B (15.21).

HarnspHo BuAaHO, uTo B KanuOpoBKe U3NydeHUs Lo U L3
TIOPOKAAIOT BKJAALl B CHJBI, IeHCTBYIOIME MeXAY HCTOYHUKAMHY.
DTH cHJIB KaXyTcsl NefiCTBYIOIMMH MTHOBeHHO, Ge3 BpeMeHHOH
3aJIepXKH, OHaKO 3T0 apTe(akT, oOycJioBjeHHbIH BHOOPOM JaH-
HOl KanuGpoBKU. [paBUTaLHOHHOE H3JTYYEHHe CYLLeCTBYeT, HO OHO
MOJIHOCTHIO OMHUChBaeTc £1. MB BHAMM, UTO B KayecTBe MCTOU-
HUKa JeHcTByeT Tab — MpOCTpaHCTBEHHONONO6HAs, MomnepeyHas
YacTb TEH30pa HePTUH-HMMYJbca, HMeoLas HyaeBol cien. Pac-
CMOTPHM Telleph HeCOoJbLIOH JIOKAAU3OBAHHBIH HCTOUHKK, HO JHIUb
AJ15 He6oJibllok o6aacTy V ¢ pa3aMepaMH, HAMHOIO MeHbLIUMH 1/k.
JIlas sToro cayuas MOXHO 3amHcaTh

/ T d3% = / T (Opz') d°F = ~ / ot 8T d*F =
=8 / z;TY d*% = 8, / 2t (02! )TO* 3% =
- %ao / O (zi ! )T 37 = ~% / 2z 9, T 437 =
= Lo / ST BE (15.29)

ITo 03HAyaeT, YTO MPH UHTETPUPOBAHHH TIPOCTPAHCTBO-NIPOCTPaH-
CTBEHHOMOLOGHBIE KOMIOHEHTH TEH30Pa SHePrUU—MMNYAbCa MOTYT
OBITh OTOXK/ECTBJEHLl CO BTOPO#l MPOM3BORHOM N0 BPeMeHH K8ad-
PYNOALHOZO MOMeHma pactipefleleHHsi Macch Tyg.

XoTesoch Gbl y3HaTh, CKOJBKO SHEpPrHH HUCIyCKaeTcs NMpH Ta-
KOM H3Jy4eHHu. JInsi 5TOrO BepHEMCS Ha MTHOBEHHE K 3JIEKTPORH-
HaMHKe, HJH, ellle Jy4lle, XK TeOPHH cKaaspHoro mosis. BosbMeM
JIarpaHXHaH BUJA

k% =%¢2 - %kw — ol (15.30)
[Tycts J GyneT nepHOAWUHLIM MO BPEMeHH:
J(Z, t) = J(T)e ™t (15.31)
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Torna pellenueM ypaBHeHHs MOJS (CM. JIEKUIHH 110 KJAaCCHYeCKod
3JIeKTPOANHAMHKe) TIpH GoabliuX r Gymer

ikr

p(Z, 1) = —Zm‘ /J(z')d%’; k=uw, (15.32)

tne =’ — 3ana3deisarouyas NOKLKS Npy uaMepennu J. [lockoabky
HocHTe/b V' Hallero MCTOYHMKA YPEe3BbIYAHHO MaJl 10 CPaBHEHHIO
¢ 1/k, To nHTerpan mpu 3ToM GymeT MPOCTHIM MPOCTPaHCTBEH-
HOMONOGHHIM HHTerpajoM. DHeprus P, H3/lyueHHasi 3a eHHHILY
BpeMeHH, MpelcTaBJaeHa YpaBHeHHeM

=P = (30 k229")

= iﬁ;l / J(x')d3z’l2 = 41—;1 / 80J () d%’r. (15.33)

Tocko/bKy B ycoBHSIX GblIO 33/1aHO CKaJsSipHOE 110J1e, BhIBOJ 3TO-
TO ypaBHeHYA He NpeJCTaBJ/IsJ TPYAHOCTeH. A ecld paccMoTpeTh
Gonee cJIOXKHBIN JarpaHuaH % ypaBHenus (15.15)?

TeHzop ¢ HYAEBLIM ClieOM

Ty =Ty - %&kak (15.34)

COOEPKHUT 5 He3aBUCHMBIX KOMMOHEHT. OnpeneJmM BHYTpPEHHHE
[IPpOH3BeleHHUsT 3THX 5 KOMIIOHEHT 1o YPaBHeHHIO

T 7@ - 1T“):1;§2), (15.35)
torfa (15.15) Gyzer umerh TOT ke BuA, uTo U (15.30), ecnu He
CUMTATh, UTO B KAXK[AOM HaNpaBieHuu GynyT HeHCTBOBATSH AHlib 2
H3 3 KOMIIOHEHT ﬁ] Ecsit npoussecTd HUHTerpHpoBaHHe MO BCeM
HanpaB/ieHUsAM, OKaXKeTCsl, UTO Bce KOMIOHEHTh ﬁ-j BHOCAT paB-
Hble BKJafih (BcJefcTBHe chepHIecKoi HHBApUAHTHOCTH), OLHAKO
nosiHas HHTeHCHBHOCTh 6Y/IeT COCTaB/ATh BCEro 2/5 0T BEJHUMHLI,
KOTOpast 6bi MONY4HAACh, €CIH 6b1 BMECTO Ty Y HAC MMEJICH TeH-
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3op T' nz %,. OTciofa nonHas uanydaeMas sHeprus Gyner pasHa

2k2 -
=5 4r 2/Tv(m)d3 =

=211 a%,,) =—~5ﬁ(a3t1,) (15.36)

npH (coraacuo (15.29):

?z] = /(szJ - %fgézj)TOO d3F (15.37)
Iasi crepxus gauHolt L nonyyaeM

f= %ML?,

. (15.38)
T 4 2
tyg = l33 = 36ML .

Ecnu on Bpaluaercs ¢ yrnosok CKopocThio €2, TO KaxAbili U3 fy),
t12 ¥ t22 BpalilaeTCHt C YIJIOBO#H CKOPOCTBIO 28}

thy = ML2( -——cosQQt)

72

tan = ML? (7@ - ﬂ cos 2Qt)

R (15.39)
t12 = MLZ(EZ sin 2Qt) s

Tag = -——316—ML2.

Ypapuerus (15.39) BuiBOLATCHA, HCXOAS W3 NPEANOCHIIKM, UTO
t,, ABAAIOTCS (5-MepHLIM) npeicTaBleHHeM IPYIINbl BPaLIEHWH.
B 3Hepruio, uanyuyaeMyio 3a eNMHHLY BpPeMeHH, BKAAX BHOCHT
JMLIb YaCTh, COOTBETCTBYIOIAS BpaLleHHUsM:

Gn

P = “5”(29) (ML ) (2cos? 20t + 25in? 20) =

- %%M%“QG, (15.40)
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Kyla, AJ19 ypaBHOBEIIMBAHUS Pa3MePHOCTH, HAMH BHOBL Gbila BRe-
lleHa CKOpOCTh CBeTa C.

YpaBuenue (15.36) nns 3HeprHy rpaBHTALIMOHHOTO H3Jyye-
HHS CNpaBefivBo, €C/H CKOPOCTh fepeMelieHii HaMHOro MeHblle
CKOpOCTH CBeTa, a, KpOMe TOro, eC/IH CrpaBe//IHBO JHHeiHoe NpH-
Gauxenre. OHO CripaBeAIMBO TaKXe B CJydae, eciy ABHXYIHeCs
00beKTHl NepeMellialoTcs 3a CUeT pacnofioKeHus B o6JjacTH fAeli-
CTBHS TPaBHTAUHOHHBIX roJied Lpyr Jpyra (HarnpuMep, HBOHHOMH
nyascap). ONHAKO MOCKONbKY MpPH BbIBEJEHHH 3TOr0 YpaBHeHHs
HaMHM npuHATO, 4T0 8,T),, = 0, TO NpHBeLEHHHE Bbillle BHIBOAH
6e3 fanbHelillero o6CyXeHHs HeJb3s CYHTATh ROCTATOYHO 060C-
HOBAHHBIMH.
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Hayuno-usnatenbcxuil ueHTp «PeryisapHas u XaoTHuecKas JHHAMUKa»
426057, r. Uxesnck, ya. [MactyxoBa, 13.
JlMueH3ua Ha U3faTelbeKYo festensHocTs JIY Ne084 ot 03.04.00.
http://red.ry  E-mail: borisov@red.ru

OTneyaTaHo C TOTOBHIX AMaNO3HTHBOB
B MkeBcKoji pecny6aukaHcKol Tumorpaduy,
426057, r. Uxesck, ya. [acryxosa, 13.




